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Ilepindm

H avéntuin twv aclpuatonv dixtiny entxovoviag (xvntd thhépwva, xArt) €xet
dnutovpyfoel TOANG mpoPAfuata épeuvag: ehaytotonoinon tou aptbuol Twv otab-
UGV, EAOYLOTOTOMGN TWV XPNOULOTOLOUUEVRDY GUYVOTHTWY, XAT. Avo onuela uro-
poly va emtxovwyioouy av xohirtovtor (Snhadf emxovwyvody) pe éva otabud.
Etlvat yvwoté to npéPfinua tne tonobétnong evég eAdytotou aptbuod otabuody étot
Gote 6ha Ta onuela va xahintovtat. Mo topahAay) autod tou mpofAfuatog elvat:
TS UnopoVue vo Tonobetioovue éva dedouévo aptiud otabudy étol dote va xakl-
mteton évag uéytotog aptbuds onueloy; H tomoloyla tng neproyfc xabopilet edv n
emuxotvwvio uetagd do onuelwy etvar duvath 1 éyt. To povtélo Ou mpénel va xpatd
T Yapaxtnetotixd g neproxnc. [pagpruata, tepatly, tohdywva ue § ywplc tpvneg,
xAT, éxouv ypnoluonownbel ooy povtéla.

Ed¢& peketolue yla oetpd and npofAfuata xdAudng ToAvydvwy e 1 yopelc tpv-
neg. Ewdudtepa, e€etdlovtat neptntdoelg oTig omoleg 0 6TdY0g elval 1) xGAvr yLog
uéytotne a&lac and dedouévec meprtoyée ue aéia mou Pploxovtatl Tdve otny neplue-
TPO 1] 6TO ECWTEPIXS TOU TOAUYHDVOU YENOULOTOLOVTAG €vay aptBud and gUNaxeS Ue
dedouévo avdtato ocuvokixd xbdotoc. Ou gllaxec (otabuol) Tonobetodvtar ndvew
OTNV TEPUETPO TOU TOAUYGYOU.

Arnodewviovue bt 6Aeg autég o tepintdoels elvar NP-hard. Ewlduétepa, mpo-
telvouue mpooeyylotixols alydpliuoug ToAuwvuulxol ypbévou ue atabepols napd-
yovteg mpooéyylong. Amodewxviouue enlong 61l dheg autég oL mepTOELS Elvat
APX-hard xa. ouvendys APX-complete: xataoxevdlovue wa avaynyf dathenons
y&ouoatoc. Acelyvouue 61l ue AYEC UETATPOTES UTOPOUUE VA EPAPUOCOUUE AUTAY
v avaywyn o€ U oetpd TeoBANUATWY UTOAOYLOTIXHG YEWUETPLAG.

Civeta enlong ueAétn xdnowwv mpoBAnudtwy oe ypdgoug anodetxviovtag 4tL
autd o tpoPAfuata elvar euxoldtepa oe Ypdpoug opatdtNTag and 6TL 6 YEVLXOUG
Yedgoug (ty. Maximum Clique Cover).

Kotéd tn dudpxeta tng Yehétng twv mapandve TeofAnudtwy, slodyoue to e€1g
véo ototyela: o) Bden 1 allec o TUAUATA TNG TEPLUETPOU TOU TOAVYDAYOU XAt OE
TEPLOYES OTO ECWTEPLXG TOU TOAUYMVOU, B) xb6T0g ot %&be unodhpa Béon pihaxa
(otafuov), v) ™V xefiowun évvowr g enifhedng (watching) evéc ouvéhov on-
UEl®Y, TUNUETOY, 1 TEPLOYGOY TOU TOAUYGBYOU %ot ) évay TPOTO XATAXEPUATLOUOY
NG MEPLUETPOU XOL TOU E0WTEPLXOU TOU TOALY®MYOU WG TPog TNV opatdTnTa. Té-
Aog, opilouue wla evdiagépouvoa nagahhayy) tou npofifuatog SET COVER 6nou
Ta oToLyeld TwY GUVOAWY €YouV BLAoTACELS.






Abstract

The development of wireless communication technology (mobile phones, etc)
created a number of research problems: minimization of the number of transmit-
ting antennas, minimization of the number of used frequencies, etc. Two points
can communicate if they are covered by (i.e. can communicate with) an antenna.
The well known problem is how to place stations so that all points are covered
(visible) and the number of stations is minimum. A variation is: a number of
stations is given, and we are asked to cover as many points as possible. Whether
communication between two points is possible or blocked (direct point to point
communication) it depends on the area topology. So the model must keep the
properties of the topology. Graphs, terrains, polygons with (or without) holes,
etc, have been used as models.

A number of covering (or guarding) problems in a polygon with (or without)
holes are investigated here. More specifically, a bunch of cases are examined where
the goal is to guard (cover) a maximum weight of given valuable areas on the
boundary or in the interior of the polygon using a number of guards (stations) with
costs within a given budget. The guards (stations) are placed on the boundary of
the polygon.

We prove here that all these cases are NP-hard. Moreover, polynomial - time
algorithms are proposed which approximate optimal solutions within constants.
We also prove that all these cases are APX-hard and thus APX-complete: A gap-
preserving reduction (which is a relatively new concept), is presented. Furthermore
it is shown that this reduction can be applied in a number of computational ge-
ometry problems.

A further investigation and characterization of some graph problems has been
done showing that in visibility graphs they are easier than in general graphs (e.g.
Maximum Clique Cover).

While investigating the above problems, new concepts that have been intro-
duced are: a) weights or values on pieces of the polygon’s boundary and areas
of the polygon’s interior, b) costs on candidate guard (station) positions in the
polygon, c¢) the useful and promising concept of watching a set of points or line
segments or areas as opposed to completely overseeing or covering it and d) a
way to discretize the boundary and the interior of the polygon with respect to
visibility.

Finally, an interesting case of the SET COVER problem has been introduced,
where the elements of the universe that must be covered have dimensions and are
not merely points.






EvyapLiotieg

Mpdta and dhoug BéAw va euyaplotion Tov emBAémovta xalnynty Xtdn Zdyo
yia TG TOAAEG oTLyuég Tou ftayv dimha wou cav ddoxarog aAAd xaL cav @llog.

AwoBdvouor moAd tuyepds mou uabftevoa dinda oe évav dvlpwno mou ayand
1600 oAU va dWdoxel. To mdbog Tou yia Ty €peuva oL oL TAoUOLES YVAOELS
mou pou UeTédde émanday xor natlovy anopactotixd pdro otov xaboploud xat Ty
eniteudn Ty otéywy wou. H emuovh tou oty pabnuatind xoudtnta xar copi-
Vel GLVEBaAAY amoPACLOTIXG 0T Slaudppwaorn Tng didaxtoptxtg dtatelfrc oL oTny
TOLOTNTA TWV ANOTEAEOUATWY T™NS. H moAdtiun @uiio touv xau 1 mlotn tou oc euéva
uou €dtvay xoupdyto xat ue othplloy T dUoX0NES OTLYUES.

Evyoaplotiec avixouvy otov xaldnynt) Tiwo Lehhq yia tn Bondeta mou you mpo-
oépepe amhoyepa 6Tote Tou To {fTnoa Ao autd Ta YpovLa.

Evyopltotd tov enixovpo xabnynt tng YEMOE AAéEn Ianaiwdyvou yia Tig
wpateg oulntioelg Tou elyoue ahAd XAt YL TO EVILAPEPOY TOU UOL EVETVEUCE Yid
dudpopa Béuata épeuvag.

Evyapiotd enlong tov avaminewth xadnynth touv EKIIA T'évvn Eulpn yua
ouuPoln Tou Wialtepa oTo TEAEUTalo oTAdLO TNG StatpLPrg XAl yia Ta oSN oL TLG
TAQUTNPHOELS TOU.

Oéhw axdun va evyaplothon TNy xadnyhteta Pdtw Agpdtn, tov xabnynti
Avtpéa Srtaguhomdtn xat tov Aéxtopa Nixo Ianacnipou yia to evdagpépov toug,
v evBdppuUYeY TOUg %ol TG YPNOWES ToPATNEROELS TOUG.

IBaitepa ovolaotixy yio TNV exmdvnon g dtatplPic HTay n ouvey g ocuvepyaoia
uou ue tov vrodrpLo diddxtopa tou E.M.II. Xpiotddovho Ppayxouddnn. Xwelc
Borfetd tou xar ) @Al tou 6ha Ba Aray oA mo doxola (av byt adlvata) xot
olyoupa TOAD Lo doynuL.

Arnogaoiotixic onuaoctiag ftav enlong n ouvepyaoio mou elya ye to Apa Apn
HMayovptlt, tov Xefoto Nouwxd, hAéxtopa tou Ilavemotnuiov Iwavvivwy xou tnv
Katepiva ITotixa, utodhpre iddxtopa tou E.M.II..

Evyopiotd entone v Apa EAnn Tlagpéota yia Tic XpRoLUeS TapatnenoeLs, o
oyoha xat T evdlagpépouoes oulNTHOELS OV ELYAUE.

Exgpalw tc evyaproties pou eniong otic/otoug napaxdtn vrodhgies/urodripioug
dddxtopeg Tou E.M.IT vy tnv Borfeta mou pou mpocépepay Ao autd to Ypdvia:
IIétpo Iletpbémoudo, Avtdivn KaBapvd, ‘Olya Toravtodin, IIétpo Iotixa, ITdvo Xei-
Aopn xou Nixo Agovdpdo.

Yo tedevtatlo otdda g SrateBric we Bornoav mold N xatavénomn, N Seuxd-



Auvor xoat 1) ouuTapdoTacy Tou uou mpooépepay ol AteuBuvtéc tou Epyaotnplou
[Tpoowmxdy Ynohoyiotdv g Lyohic EM®E oto onolo epydlouor, avaminpw-
¢ xabnyntic Kdotag Papdxog xa enixouvpog xabnyntic I'idvvng Kokétoog xat o
Tpbedpoc g Lyohfc xabnyntic 'epdowoc Enabic Toug onoloug xat evyaptatd.

IToAd onuavtixd pého énanée 1 yvoptula Lov ue TOAAOUS PoLTNTES XAl POLTATPLES
tou E.M.II. ané toug onoloug éuaba moArd mpdyuata opoppaivovtag Ao autd Ta
POV XL TOUG EVUYXELOTE LOLALTERA.

Ye npoowmixd eninedo Oéhw va euyaploTHow Toug Yovelg wou Oavdon xor Lru-
etdolha xon ta adépgpra wov Kwoth xar Xndpo yia v othptdn xatl v aydnn toug
Oha owtd T yedvia. Idaltepa euyaplotd TV ylayld pov Aéomolva 1 omola UE TN
Lo g pou didage TNV LUTOUOVH AANE XaL TNV ETLUOVH XL TEOCHAWOT 6TOUG 6TH-
youg pou. Ta AdyLa Tng ot n avduynof e ue ouvtpbdgeuay xat ue xabodnyolooy
oe 6An TN dudpxela auTg TG TpooTdfetag.

AwobBavopor 6Tt auth) 1 mopela dev Oa elye apyloer xou elpar olyoupog btt dev
Ba éprave moté oto Téhog NG Ywpels TN ouvex Tapovsia Tng Yuvaixag wou ‘Eioag.
T7v euyopLoTd TOAD YLl THY UTOUOVY TNG ot TN oTHELEY o You Tapelye, aAAd Lo
TOAY TNV ELYAELOTE VLA TNV AYdnn NG 1 omola fray 1 xvnTipLog duvaun yio uéva.

Evpwnidne Mépxou

Todviog, 2003
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Etcaywyi

0.1 Egappoyég

T televtaleg dexaetiec dhol oL Touelc TOL aoyoAoUVTAL UE TNV TANpopopla To-
pouctdlouv paydata e€EAEN. Améd T upla undpyel uta ocuveyAs avdmTtuin Tng Te-
yvoloylag xar and TNy GAAT TEOXVTTOUY GUVEYMSG XOLVOUPLEG AVAYXES TOU TEETEL
va teavorotnBoly. Mepiwée and auvtés elvan: @Onvn, aidémiotn xar ypRyopn UeTd-
doom g mhnpogopiag, Tagivounon xot arnobixeuon ue TpéTo TéToLo BoTe va elval
e0XOAT) xaL yehyopn N avéxtnoh tng, @uhtedpliopa, aflohdynorn xa eneiepyaoia,
eEAOPAALOT) TOU AMHEENTOL TNG ETXOLYWVING, XAT.

H dnuiovpyla evég duxtiou emuxolvmviog 1o omolo va unopel va xakintel 660
10 duvatdy peyohitepo aptbud altnudTwy yia emxolvovia ue einvé xat aélémioto
Tedémo elvan éva amd ta {nrodueva mou tpoormabel va xaklel  teyvoloyia.

Ot avdyxeg odfynoay otny eZéMin Ty evolppratoy duxTtiwy emuxoLveviag
(omtixd dixtua), ahhd xor Twv aclpuatomy (xvntd tnégwva). Iapdyovtes 6mwe
n aveloptnota, To x6otog xat 1 adtomiotio Tou Tpoaépouy Ta acpuata dixTua Hu
elvow xaboplotixol yia v Babutaia xatdpynon yeydhov pépoug TwV EVOUPUATWY
duxtlwy.

H peydin {ftnon v @Onv xaw a&témot aclpuotn enuxotvemvia €yt dnulovp-
yhoer Tohhd mpoBAfuata épeuvag Ue Ta omola aoyoholvtal apXeTol EMLOTAUOVES.
IToAréc etarpeleg eniong dpaoTNELOTOLOUYTAL GTO X (PO TV ACUPUATKOY SIXTUGY ETL-
xowwvlag. H Snuiovpyia, ouvtipnon, enéxtaon xou Asttoupylo VOGS aGUPUATOU
duxtou emxovmviag €xel mohl peydha €€oda aAld ouYYpOVKS XL TPoadoxies Yl
ueydha éooda. H E§unvn dnuiovpyio tou Suxtdou, dnhadt| ue tpbéno tétolo hote va
ehaytotonoolvtor T €€oda elvon pia xaboploTiny TapdUETEOS Yo TO UEAROY ULag
eTapelag.

Eva 3ixtuo actpuatng enxovoviag anoteleitoar and éva olvoho oTabudy -
TOUTOdEXTAV oL omolot exméunouy xat Aaufdvouy tAnpogopies. To yapaxtnelotixd
Tou xdfe otafuol xor 1 TodtnTd Tou xabopilouy xaL TNV ToLdTNTA OAGXANEOU TOU
dtxtlou. To x60T0¢ XATAOKEVHG XL GUVTHENONG Tou dixtlou, edaptdtat and to
mAffog Ty oTabudy Tou.

Ta apywd enevdutixd xepdiota cuving xabopilouv v meploy Tou apyLxd
Tpénet va xahUnteL To dixTtuo, 1 omola ot cuvéyela dleupUveTa.

Ot otaBuol Tou dixtdou unopel va Peloxovtar oe dopupdpoug 1 unopel va elvon
entyeol. Euelg Ha aoyoinfodue ue toug entyetoug otabuoic.

17



18 EIYAI'QI'H

Mepuxol and Toug TaPdYOVTEG OV TRETEL YO GUYUTOAOYLOTOUY TPOXEWEVOU VO
xotooxevaotel évag otaludg elval:

® 10 x607T0¢ TOL oTAbuoy,
® 70 x60T0¢ TNG evowxlaong Tng Teployfg oty omola Ba tomobetnlel,
® TAPATOVA TWV XoTolxwy ya éxbeon otny axtivoBolia

® YEWYPAPXES LOLALTEPOTNTES

‘Evag ot6yog elvar 1 wdhudm pag yewypapuic meployfic Tonobetdvtag tov
ehdyLoto apliud otafudy.

Enedn ouwg ta ypnuotixd xepdhota elvor dedouéva alrd xat yio dhhoug Adyoug
mou O e€nynoouue TaPAXATW, UL PEAACTIXOTERY AVTUETOTLOY TOL TPoBARuUaTOog
elvaw: 1 Tomobétnon dedouévou aplbuot otabudy étol dGote va xaAvntetal 6co 1o
duvatdy ueyaritepo pépog tng meploync. MdaAiota 1 neptoyy| umopet va €yel onuela
ue SrapopeTixt) TpotepadTnTA X&ALPNG. ['a tapdderyua urnopet otny nepLoy | mpog
x&Ahudn vo umdpyet wa Alvn Ty onola pag evdiagépel va xahiouue apol €youue
xaAOeL v unéhownn meptoy . Enlong umopel va elvar avdyxn va xahdpouue xatd
TpotepAtdTNTA TEPLOYES UE MEYENO TANBUOUS (aoTixd XxévTpa, X0X).

Metéd Aowmdy ot TG Topandve TopatneNoets £va pealoTixd TpoBAnua elvol to
e€ng: ue dedouévo €va 6pLo xbaToUg Tou dev Tpénel va EenepaoTel va tonobetnhody
otafuol oe pia dedouévn neployn Ue TETOLO TPOTO HOTE Vo XAAUTTETOL £Val UEYLOTO
uépog g meployfg, Aaufdvovtag uToPLy T TPoTEPALOTNTES XAALYNS.

Emuniéov 0o Géhaue 1 enéxtaon tou dixtlou va ylvetal ye té€toto Tpono GoTe
auté va mapauévet BéAtioto. Anhadh Oa Béhaue n Tomxq BektioTédTNTa TOL dietlou
va 0dnyel otn ouvolu Behtiotétnta. Me dhha Aoyia, BEhouue 6tav anogaciletol
1 enéxTaen Tou dxtlou, va tapauével BEATLOTO Ywpls va ypetdleTat va xatapynholy
xdmotot otabuot.

Avéhoyo pe Tov TpOTO ETMXOLVWVING UTOPOUUE VO €YOUUE dixTua oTa omola:

e dVo onuela yio va emxotvovioouy petadl toug mpénet xdle éva and autd va
unopel va emuxolvovioet pe xdroo otabud tou Sixtdou (point to station
communication)

e d00 onuela emxovwvoly ueta€l Toug ywels ) uecoAdfBnon xdnotov otabuol
(point to point communication)

Yy mpdtn neplntwon, éva tapddelyua elval to dixtuo xivntig tnhegpoviag. H
emuxotvwvio uetagd d0o onuelwv yivetar edv xdfe onuelo emxowvwvel ye xdnolo
otabud.

Xt deltepn mepintwon, éva mapddelypa elvor n emxovwvia pe walkie talkie.
Ye autiv v nepintwon to dixtuo dev €xel otabuols.

Ko 611 800 nepuntdoeig n emotvovia yivetar o uPniés ocuyvétnteg tng tdng
Ty 900 MHz, 1800 MHz xor 1900 MHz. MdAiota undpyet 1 tédon elvor va augnbel
xat Ao n ouyvétnta emxowvwviag oe GHz.
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e autég Tig ouyvoTNTES T TPOBAUaTA andAelag evEpyelag and avixhaon xoL
dudbhaon elvon utoroyiowa. Ta mpoBijuata autd egagpavilovtal av anatTiCOVUE 1)
emotvwvlo uetald evog onuelov xal evég otabuod va elvor duvat €dv o otabudeg
elvow opatéc and to onuelo. Etor Aowmdy yua va elvor duvath n emxotvovia yetadd
d%o onueiwy Ha npéner: eite w&be éva and autd va BAénel xdnoto otabud (point to
station) 7 vo BAérovton petald toug (point to point).

To av d%o onuela PAénovtar elaptdton and Ty Tomohoyia NG YeEwypaPxhs
neptoync. To pwovtého owmdy nou O ypnouronolioovue Tpénet va Statnpet Tig LBL6-
TNTES NG YEWYPAPLXAS TEPLOY S TTOU APOPOVY TNV 0LUTOTNTA.

Yav YEOUETELXO HoVTENO NG MEpLoy T XpnoLuonotolue éva antAd toAbywvo. H
YEWYPAPLXT| TEPLOY T TROS XAANUPY AVATAPLOTATOL UE TO ECWTERLXS Xt TNV TEPLUETRO
TOU TOAUY@®YOU.

Avo onuela yéoa 6to TOAlywvo 1 Tdvw otny TeplueTpo Tou elvan opatd To Eva
070 GANO, oy xat L6Vo oy UTdpyEL WL eVBela ypoun Tou ta eviveL 1) ontola Pploxetat
ohéxAnen yéoa 6to TOAYYWVO.

Audgpopa tpofBiiuata xdhudmng tohuydvewy €youy ueretnlel tig tedeutaleg TpELg
dexaetieg. To 1976 xotd tn dudpxeta evég ouvedplou o Victor Klee ébeoe 1o axd-
Aoubo mpéPAnua Yvwotd xat wg TpéBAnue Tou wouceiou (art gallery): néoot
pUNaxeg yperalovton yia vo BAénouy xdle onuelo oto ecwtepnd yLag Yxahept;

To pabnuatixd povtélo tou mpofifuatog elvan éva ToAdywvo To omolo avti-
otolyel oTo TdtwPa Tou wovoeiov (xdtodn). Ta npofAfuata mou £youv epguvnlel
unopolyv va Tagvounfolv e Bdon Sudpopa xpLtipla 6TWG:

o 1oV emtpéneton va Tonofetnfody @ilaxec (0Tic X0pUPES TOU TOAUYHVOU, OTLC
Thevpéc Tou ToAuYGVoL B oToudhnote uéoa oTo TOAGYwVO)

o Tt Béhovue va PpovpHoovue (TN TEPIUETPO TOU TOAUYDVOU, TO ECHTEPLXS TOU
TOAUY()YOU)

Vé A ’ /7 /.
® £4v 10 ToAUYwvo elvar amhd, ophoydvio, XAt

Eyouv Bpebel moAAd mévew xat xdtew Spta Yo tov aptbud Ty QUAAX®Y Tou
elvon avaryxatol yio tnv @UAaEN Tou moAuydvou. Avydtepn Souletd €xet yivel yia
uerétn g unohoylotxic toAuthoxdtnTag Tov EXEL 1) EVPEST XAADY OéoEwWY YLo TOUg
pUAaxes. Téhog eNdyLotn Soukeld €xel yivel ooy agopd tnv Tonobétnon dedouévou
aptiuol QUAGXKY €tol Kote va PuAdooeTal éva UEYLOTO UEPOG TOU TOAUYMYOU.
[Tepioobtepeg Aentopépeteg undpyouy ota [41, 46, 48].

Ta npofAfjuata, Aotndyv Ue to onolor aoYOAOUUACTE OE AUTAHY TNV Epyacio elvon
TopaAlayég Tou Tpoffuatog Tou wovoetou. Mepuxég and autég Tig mapahhayés froy
101 oplouéveg, v dAAeg oploaue euelc uE oxomd TNV O pEXALOTIXY EQUPUOYY OF
aclpuota dixtua.

[Mo autd T0 AbYO, 08 OAN TN SLdpxeta TG Epyaciag oL 6pOL TOU YENOULOTOLOVUE
ota tpoPAjuata elvar dANote davelouévol and Ty oporoyia e yxahept (pUAaxes,
gpra téyvng) o dAlote and ta aolpuata dixtua (Townodéxteg-otafuol, avo-
uetadbtes). H ypnowwonoinon néte e prag xow néte e dAAng opoloylag yiveton
v Aéyoug otopxols (apyixd to TedBAnua téinxe ooy TpdBAnua wovoeiou 6mwg
elmape) adhd xor yia Adyoug uTEVOOULONG TWY EPAUPUOYDY OTOY AVAYVHOTY.
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Oo egetdoovyE:

e Té¢ unopolue va tonofetioouue pilaxeg (1 otabuols) ot éva Tohdywvo étoL
Gote vo xakimtovue éva EYLoTo URXog NG MEPLUETPOU TOU,

o k¢ unopolue va tonobethoouue pllaxeg (4 otabuoic) ot éva ToOAGYwVO Tou
omnolou 1 nepluetpog €xel a&leg €ToL Bote v xaAlmtovye TN uéyLotn adia,

o ¢ unopolue vo xohbpouue €va uéytoto euBaddy Tou eowTEPLXOU TOU TOAU-
Y®OVOou.

Ewsdyouue v évvola ¢ eniBAedng: éva olvoro onuelwv A emBAéretan and
xdmnoto onuelo p edv TouAdytotov €va unocUvoho tou A elvon opatd and to p. H
évvola tng emiPAedng dmwg o Sodue €xel e@apuoYég oTny peolenom TG YxaAepl av
Béhovue va eyxatacticouue éva oUoTNUR CUVIYERUOV.

Ewodyovue enione v évvowa tou xbotoug: xdébe unodhpra Béon gdhaxa (4
otafuol) éxel éva x6otoc. H tomobBétnon tov otafudy Béhovue va unv Zenepvd
éva 6pLo x60TOUG.

Mehetolue enlong mdg uropolue va eyxataothioovue €va dedouévo aplhud di-
10wy (point to point communication) étot dote va xahdnteTar To peEYAAYTEPO
u€POg TOU TOAUYGVOUL.

[ 6ha T mopamdvew meoBAfuata Sivouue ToALWYLULXOU ¥POVOU TPOGEYYLOTL-
x0U¢ ahyobplbuog mou metuyaivouy otabepoic tpooeyyloTixols tapdyovtes. Arno-
dewxviouue eniong anoTEAEOUATA UN-TROCEYYLOWATNTAG Yio auTd Tar TpoAuaTa.

Mepuég and i uehodoug pog epapudélovtal oe Yvwotd ypapobewpntind mpo-
BMjuota yio o omola TpOXUTTOUY XALYOUELA ATOTEAECUATA.

Téog, opillouue xat uehetolue €va xoLvolpLo TpdBAnua mov Tteoéxude xatd TN
ddpxela g Yehétng twv tpoPfAnudtewy. To ovoudlouvue mpbBAnua YeEVIXELREVNS
xaAVdNG cLVOAWY xaL PalveTor APXETA EVOLAPEPOY XAl UE TOAAEG EQUPUOYES.

Ta avorytéd tpofAjuata tou tpotelvouue extdg and Hewpntind evdiapépoy, Exyouy
TOAAEG eapuoyEg xar YU auTd ToTtedouue 6T 1) €peuva Tavw 6” autd Oa evtabel ta
EMOUEVA YPOVLA.

Y1g enbueveg evotnTeG autol TOL XEPaiaiov divouyue:

e optouols Tou Ha ypetaotoldue (evétnta 0.2),

e ulo etoaywyy oty Oewplo Tng mpooeyylowdnTag xar oTig €vvoleg mou Ha
yenowonotjoouye (evétnta 0.3),

® YVwotd anoteAéouata oyeTLXd UE EhaytoTonoinon aptbuod guikdxwy (evétnta
0.4) »ou

o meplAndn TV anoTEAEOUATWY TN cpyaclag OYeTXd Ue peyloTomoinom NG
xdAvdne (evétnta 0.5)
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0.2 Ogropol

0.2.1 IIoAVywva xoL opatdHTNTA

Opuowés 1 Mia Siatetayuévy axodovfia oqueiowy p1,p2, ..., pn,n > 3 oto eninedo
uall ue tic evlflelec mov evdvouy to p; uE T0 piy1,t = 1,..,n — 1, ovoudletat
noAvywvuxy alvolda. Ta pi,pa, ..., pn xadoUvtar x0pLYES ¢ aAvoidag evd ta
(pi, Pit1) axpés 7 Thevpés. H noAuywvixy advoida xaleltar xNevotd av p1 = p,
xat avouxth aAAidc.

Opuowds 2 Mia moAvywvixlj aduoida xadeitar anhf av ta udva onuela touss ue-
Tl Ty axudy elvar ta xowvd dxpa twv dtadoyixdy axudy. Mia andy xAeioty
roAvywvixy advoida T ywpiler to eninedo o Svo uéen: to eowtepixé tou T xau
t0 eéwtepixd tou T

Opiowds 3 To cowtepixd uiag andijc xAetotic noAvywvixic aAvoidas T, uali ue
to T, ovoudletar anhé moAdywvo ywels tpines. To olvopo 6T to ovoudlovue
TEPlUETPO ToU ToAVYdVOU.

Ogiowés 4 H évwon evic nencpaouévou aptuol and ardd moAlywva ovoudletal
roAvywvo. Eva nroAvywvo T ovoudletar cuvdedewévo av yia xdbe dvo onuela tou
T urndpyet uta moAvywvixy advoida mov avijxer oto T xar ta evdver, Eva ouvvde-
Seuévo noAdywvo T ovoudletar anhd cuvdedepévo av xdbe moAvywvixy alvoida
mov evaver dlo onuela tne mepiuétpou tou T xar dev mepvd amd xavéva dAio on-
uelo tn¢ mepuétpov ywpeliler to T. Eva ovvdedeuévo moAlywvo nov Sey elvar anid
ouvdedeuévo, ovoudletar anhé TONGY®VO UE TPUTES.

[ amhétnta Ha yenotuonotodue Tov bpo ToAdywvo ya éva GuVIESEUEVO TOND-
Ywvo ue 1 xwelc tpineg.

Ogiowés 5 Eotw T éva noAlywvo xat éotw a,b onpuela tov T. Aéue 6t ta onuela
a,b egivar opatd 1o éva oto dAdo, av y eubeia ypauuy mou ta evdver Boloxetal
0AbxAnpn uéoa oto T. Aéue enions nws to onueio a PAénel 10 b, 10 a eival
opatd anmd to b 1 ta onuela a,b @atvoviar uetal tovg. Eva odvoro S amd
onuela tou T elvar opatd and éva onueio a av xdbe onueio tov S elvar opaté and
0 a.

Opuowds 6 FEotw T éva noAlywvo, a,b onueia tov T, S xat Q olvoda opueiwy
tou T. Aéue ot To a mepLppovpel jj BAEreL i xahlintel to S av xdbe onueio Tou
S galvetar and to a. Aéue 6t 0 S mepLppovpel 1 xahbTEL TO QQ av yia xdlfe
onuelo Tou Q urdpyet éva touddytotoy onuelo tov S mou to BAEret.

Opuowés 7 Aéue ot éva onuelo a emiBAEReL j xaAOTTEL UEPLXDS TO dUvodo S
av umdpyet Tovddytotov éva anueio tou S mou gaivetar and to a. Aéue éti 10 S
emBAénet i xadUnter uepixnds to QQ edy undpyet TouAdyiotoy éva anueio Tou ) mou
paivetar and tovddytotov Eva onueio Tov S.
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H évvoia tng nepippolpnong elvar ouuuetpne] yio d%o onuela akhd oyt yia ob-
vola onuelwy. Eva obvolo onuelwy S unopetl va fAénet to olvoro @ aAAE umopet
vo uny gatvovtor 6ha to onuela tou S and to Q.

H évvown tng eniBAiedne elvor ovpuetpinn. Av éva olvoro onuelwy S emPBAénet
T0 Q T6TE XA To S emPBAéneTon and o Q.

Opropés 8 Eotw éva noAdywvo P. Kahodue ypdgo opatdtprac Va(P) to yed-
pnua mou Eyet évay xoufo yia xdbe xopupl Tov ToOAvydvou xal axul avdueoa oe
dUo xdufoug, av xar uévo av ot avtioToLyes xOpUPES Tou TOAUYGVOU galvovtal
uetaéi toug.

To mpdfAnua tng avayvodpelong evog yedgpou opatdtntag elvor oto PSPACE
([19]). Twx Aemtopépeleg OYETIXE HE TNV AVATAPAOTAOT) TOAVYOVWY UE YPAPOUS deg
[42].

0.2.2 TIpoBMjupata tonobétnons puAdxwy (¥ oTtabudy)

Opiowds 9 Fotw éva moddywvo P ywplc tplnes. O otéyos tou mpoBAfjuatog
MINIMUM VERTEX GUARD eivat va tonofetijioovue oTic X0opupés Tou moAvyd-
vou évay eddyioto aptfud puldxwy €Tol GOTE TO €0WTEPLXG XAl 1) TEPIUETPOS TOU
roAvydvou va elvar opatd and Tovs pUARXES.

Edv 1 tonobBétnon twv puldxny yivetar otic Thevpéc Tou Tohuydvou (évag @i-
haxag xotahapfBver g oAéxhnen mhevpd) téte To mEdPBANUe xaAeitar MINIMUM
EDGE GUARD. Edv n tonobétnon twv QuAdX®Y YivEToL 6T0 EOWTEPIXS TOU TOAU-
Y®vou, t6te To TEdBANU xakeitar MINIMUM POINT GUARD.

Ta napandve meofAiuata urtopolv va optotoly ue oxond uévo 1 mepluetpog
TOU TOAUY®YOU va elval opath ard Toug PUAaxeS. X auThY TNV TeplnTwon T Teo-
BMuata ovoudlovtar avtiotoiya MINIMUM VERTEX GUARD (BOUNDARY RE-
STRICTED), MINIMUM EDGE GUARD (BOUNDARY RESTRICTED) xat MINIMUM
POINT GUARD (BOUNDARY RESTRICTED).

Opgiowds 10 Alvetar éva noddywvo P ywplc tplnes xai évag axépaioc k > 0.
Eotw L(b) to euxideldeio uifxos evéc tuifuaroc b. O otdyoc tou mpofAjuatos
MAXIMUM LENGTH VERTEX GUARD elvat va tonobfetijoovue k gillaxes (otab-
UoUc), oTIC XOpUPES TOU TOAUY@BYOU UE TETOLO TPdTO GoTe T eUxAeldelo ufxog Tou
uépous tn¢ meptuétpou tou P mou elval opaté and tous pllaxes va elvar uéytoro.

Oupolwg dnwg xat mapandve, av 1 tonofétnon Twv QuAdxwy ylvetal oTig TAcu-
eéc to mpoPAnua xokeltar MAXIMUM LENGTH EDGE GUARD, v av ylvetal 610
E0WTEPXS TOL TOALY®VOU xakeltar MAXIMUM LENGTH POINT GUARD.

Opuopdg 11 Eotw éva moddywvo P ywplc tplnes xar évag axépaioc k > 0. O
otéyos tov mpofAfuatoc MAXIMUM AREA VERTEX GUARD eivat va tonofeti-
oovue k pUlaxes oTic X0pUPES TOU TOAVYGYOU €TOL GOTE TO ECWTEPIXO TUNUA TOU
roAvydvou mou glvar opatéd and tous pulaxes va elvar uéytoto.
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AvtioTouya opilovtat ta tpofAfjuata MAXIMUM AREA EDGE GUARD xot MAX-
IMUM AREA POINT GUARD yta Tom00¢tnom QUAAX®Y o€ TAELURES X0 OTO ECWTEPLXS
TOU TOAUY@®YOU.

Opwowés 12 Eotw éva noAlywvo P ywpic tplmes xai évag axépaiog k > 0. H
nepluetpos Tou moAuydvou eivar ywpiouévy o Eéva uetall toug Staotiuata ota
onola €yovy anodobel un-apvyrixd Bden. O otéyos tov mpofAfuaroc MAXIMUM
VALUE VERTEX GUARD elvat va tonofetnfoly to noAd k gllaxes (otabuol) otig
XOPUPES TOU TOAUYEYOU £T0L BOTE TO OUVOALXG Bdpos TV TUuUdTwY TOoU palvovTal
va elvalr uéytoro.

Avtiotouya opilovtar ta mpoPAfuate MAXIMUM VALUE EDGE GUARD xot
MAXIMUM VALUE POINT GUARD Yyl TomofB€tnon QuAdxwy o€ TAEUpEG XaL GTO
EOWTEPXG TOU TOAVYHYOU.

Ta tpla mapamdve mpoBAiuata umopoly va oploTolv Xal PE UL SLapopETLXY
évvowr opatétntag. ‘Otav o otdyog elvon ov pihaxeg va emtBrénouy (watch) ta
TURUaTE XL GyL VoL To TEpLPeoupoly TOTE éyouue avtiotolya to tpoBAfuata MAX-
IMUM VALUE VERTEX GUARD (WATCHING VERSION), MAXIMUM VALUE EDGE
GUARD (WATCHING VERSION) xot MAXIMUM VALUE POINT GUARD (WATCHE-
ING VERSION).

Opuouwés 13 FEotw éva noddywvo P ywplc tplnes, évag axépaioc k > 0 xau éva
otvoro D ané nivaxes. Kdfe nivaxac d € D éyer éva ufxoc l(d) xar uia aéia c(d).
O oxorndc tov mpofAfjuaroc MAXIMUM VALUE VERTEX GUARD WITH PAINTING
PLACEMENT elvat va tormobetnboly k @llaxes otic xopupés tou moAvydvou xat
nivaxec otic mAeupéc Tou moAuydvou (SnAady otoug tolyous tne yxaepl) érot dote
n ouvolixij aéla ey mvdxwy mou gaivovtar va elvat uyLoty).

Avtiotoiya opllovtar ta mpofAfuata MAXIMUM VALUE EDGE GUARD WITH
PAINTING PLACEMENT xot MAXIMUM VALUE POINT GUARD WITH PAINTING
PLACEMENT yla tomofétnon QuAdxwy oe TAEUpES XoL GTO ECWTEPLXS TOU TOALY -
vou.

Yt tpla mapamdve npofAfuata 1 AEEN ‘nivaxes’ oToug opltouols dev neplopllet
puod T eQupuoYés aARd yivetor TepLoabTEpO Yl LoToptxols Aéyoug (Ta po-
BMjuata elvor Tapadlayés Tou npofAiuatoc tou povoeiov). Ilohéc popéc, avti ya
pONaxeg xat Tivaxeg yenouLonotoVue Tig AEels ‘mopmodéxtes’ xa ‘avapetaddtes’
avtiotolya davelouéveg and v oporoyia TV dxtiwy.

e 6l to mapamdve mpoBAfuata umopovue va éyouue avtl tou axcpatlouv k
éva Swabéolwo mood B xar oe xdbe unodhigia Béon @llaxa éva xb6cTO¢ TO OTOlo
npénel va TAnpdoouue mpoxelwévou va tonobetioovue exel gUlaxa. Etol Aowndy
T avtioTolya meofBAfuata mou meoxintouy elvat Ta €€f¢: BUDGETED MAXIMUM
LENGTH VERTEX GUARD, BUDGETED MAXIMUM LENGTH EDGE GUARD, BUD-
GETED MAXIMUM LENGTH POINT GUARD, BUDGETED MAXIMUM AREA VER-
TEX GUARD, BUDGETED MAXIMUM AREA EDGE GUARD, BUDGETED MAXIMUM
AREA POINT GUARD, BUDGETED MAXIMUM VALUE VERTEX GUARD, BUD-
GETED MAXIMUM VALUE EDGE GUARD, BUDGETED MAXIMUM VALUE POINT
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GUARD, BUDGETED MAXIMUM VALUE VERTEX GUARD (watching version), BUD-
GETED MAXIMUM VALUE EDGE GUARD (watching version), BUDGETED MAX-
IMUM VALUE POINT GUARD (watching version), BUDGETED MAXIMUM VALUE
VERTEX GUARD WITH PAINTING PLACEMENT, BUDGETED MAXIMUM VALUE
EDGE GUARD WITH PAINTING PLACEMENT, BUDGETED MAXIMUM VALUE POINT
GUARD WITH PAINTING PLACEMENT.

Téhog 6ha To MopATAVE TEOBANUATA UTOEOVY VO 0pLOTOUY OF TOAVYWVA UE
TPUTEG.

0.2.3 AMN\a npofBAfuata

Opwowds 14 Fotw éva moAlywvo P ywplc tpinec. O otéyos tou mpoBAfjua-
to¢ MINIMUM CONVEX DECOMPOSITION €(val 0 XQTAXEQUATIOUGS TOU TOAUY@DYOU
otoy eAdytoto aptbud ané un-enixalvntéueva xvptd toAUywva.

Oguowds 15 Fotw éva nodlywvo P ywplc tpoines. O otéyos tou mpoBAfjuatos
MiINIMUM CONVEX COVER givat o 5 xdAugy tov moAuydvov and évay eAdyioto
aptOud mifavd enixaAvnToueYLY xUPTGY ToAUYGVWY mtov Bploxovtar uéoa oto P.

Opuopdg 16 Eotw éva moAlywvo P ywpic tpeirnes. O otéyoc tou mpoBAjuatos
MiINIMUM CLIQUE PARTITION ON VISIBILITY GRAPH elvat 0 ywpLouds tov yed-
pou opatotntag tou P oe évay eAdytoto aptfud and xAixes.

Opiopds 17 FEotw éva moAdywvo P ywpls tplnes ue Bdpn otic xopupés tov. O
otéyos tou mpoBAfuatoc MAXIMUM WEIGHTED CLIQUE ON VISIBILITY GRAPH
elvar 5 elpeon utag xAixac uéytotou Bdpous ooy visibility yedpo tov P.

Opiowds 18 Fotw noAlywvo P ywplc tplnes, ue Bdpn oTic xopupés tou xat €vag
axépatos k > 0. O oxonds tov mpoBAfuaroc MAXIMUM WEIGHT IN k& CLIQUES
elvat va Ppovue k xAixes oto ypdgo opatétyras Vg (P) éror dote to Bdpog twy
XOpUPEY Tou avijxovy oTic xAlxes va glvar uéyioto.

Opuopos 19 Eotw U éva olvoro ue otoryeia xat C uia ovAdoyy ané vroolvola
tou U térota dote Ug,ecS; = U. O otdyos tov mpoBAfjuatos SET COVER eivatl va
Beebel uia ouAdoysi C' C C ue eddyioto nAnbixd apifué térota dote Ug,ecrSi = U

Oprowds 20 Alvetar éva olvoro U to omolo nepiéyet otoyela ue Bdpny, évac axé-
patoc k > 0 xar uta ovAdoysj C and unootvora tov U. O otéyos tou mpoBAfjuatos
MAxiMUM COVERAGE elvat va Bpefody k otvodra S; € C érol dote to US; va
Exet uéytoto ouvorixd Bdpog.

Oprowds 21 Alverar éva olvoro U to onolo nepiéyet ototyeia ue Bdpn, évag axé-
patoc B > 0 xat uia ovAdoyyj C ané vrmoolvora touv U oc xabéva and ta omola
Exet avtiotoiynlel éva xéotos. O otdyos tou mpoBAfuatoc BUDGETED MAXI-
MUM COVERAGE elvar va fpebel uia ovAdoyy and obvoda C' C C téroia dote
T0 owvolixd xdotoc Twy ouvdlwy s C' va upv urepPalver Tov mpoirodoyioud B
xat To ouvolixd Bdpog twy otolyelwy rov meptéyoviar ota olvola s C' va elvau
uéreoro.
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Opiowés 22 FEotw caxido ue ywpnuxdtyra M xar éva olvoro S and n avri-
xelueva. Kdfe avrixeluevo i éyxet éva uéyeboc s(i) xar uia aéia p(i). O oxondc
tou mpoBAjuaroc KNAPSACK elvar 5 elpeon evéc ouvéiov U C S ue uéyioty ala
TETO0 BOTE Ta AVTIXEUEVE TOU VA Ywpoly oTo caxidio.

Opuopés 23 FEotw éva Levyoc (B,S), énov B eivar éva olvolo ané m odxoug
xat S éva olvolo andé n avtuxelueva. Kdfe odxoc j € B éyer uia yopntixdtnpra
w(j) xar xdfe avrxeluevo i éyer éva uéyebog s(i) xar wa aéia p(i). O oxondg
tou mpoBAfjuatoc MULTIPLE KNAPSACK eivat 5 elpeon evég ouvélov U C S ue
uéytoty aéla tétolo Gote Ta avTixeluevd Tou va ywpoly oTous odxous Tou B.

Opwoués 24 FEotw U uia ovAdoyi avtixsiwévoy ta onola éyovy alla. Kdabe avti-
xeluevo elvar éva olvoro Souxdy otoiyelwy. Alvovtar enlone uia ouddoyy C ané
olvoda ta onola meptéyovy douwxd otoyela xar évag axépatoc k > 0. O oxonds
tov mpoBAfjuatoc GENERALIZED SET COVER elvar va Boefoly k olvora S; € C
étot dote n aéla Ty aviixeuévoy nou xaAintovrar va elvar uéytoty. Eva avti-
xeluevo xaAintetal otay €yovue ndpet 6Aa ta Soulxd ototyela Tou.

Oplouds 25 Eotw O uia Aoyl éxgpaon oe xavovixij ovlevxtix)f popys (CNF).
To mpdBAnua anépaons SAT elvai: undpyer anovouy arijbeiac nou va ixavonoie!
vy ®;

Opiowés 26 FEorw © uwa loyuwd éxppaon oe CNF, érov xdbe npétaoy (clause)
anoteAeltar and to noAU 3 literals. O oxondc tou mpofAfjuatoc MAX3SAT elvat
va Beebel uia anovouij arijbeiac otic uetafintéc tpe @ €ror dote o apibuds Twy
TPOTATEWY OV IXAVOTOWUYTaL Y elval UyLoTog.

Opwowés 27 FEotw G éva ypapnpua. O oxonds tov mpoBAjuatoc MAX CLIQUE
elvat 5 elpeon uiag uéyrotns xAixas tov G.

Opuowds 28 FEotw @ uta Aoy éxppacy oe CNF, érov xdfe clause anoteAeitat
ané to oAU 3 literals xat n xdfe uerafAnty eupaviletar to oA oe 5 clauses. O
oxornds tov npoBAjuaroc MAX-5-OCCURENCE-3-SAT eivat va Boebel uia arovour
aAffeias otic uetafintéc e ® €ror dote o apibuds twv clauses mov txavomroloU-
vtat va glvat uéytotog.

0.3 IlIpoceyyLotpndTnTa

0.3.1 IIpoosyyiotixol aAydeLbuot

Oa xdvouue ua etoaynyh oty Bewpla g tpooeyylotwbdTNTOG TEPLYPAPOVTAG €V-
VOLEG TIOU YPNOLIOTOLOUUE OTA EMOUEVA XEQAAALX XAl APOEOUY TOUG MEOGEYYLOTL-
x00g ahybpLbuoug, g avaywyég diatipnong ydowatog (gap-preserving) ot
T xhdoelg Tpooéyytone. Aentouépetes yia autéc T €vvoleg undpyouv ota [26, 2].
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Eotw II éva npéfAnua BeAtiotonoinong ot éotw I éva otiyutdtumo tou II.
Eotw X(I) 1o 60voro 1wy epuetdv Moewy tou II(I). Eotw OPT(I) to yéyebog
ueas Béhtotne Aong tou II(1). Edv o II elvor npéBinua peyiotonoinone:

OPT(I) = mazsores(r)| SOL|
Edv to II elvar mpéBAnua elaytotonoinong:
OPT(I) = minsorex(r)|SOL|

[ mopdderypa, €&y to II elvar o mpdéfAnua MAX3SAT, téte éva oTLyuLtdTuTO
I tou mpoBifuatog Oa elvar m clauses, 1o xabéva and ta omola €xer to moOAG 3
literals. Edv to ottyuétuno éxer n uetafintéc téte pe xdbe anovour; alnbetag
otig n petafAntéc éyouue éva unocivoro SOL amé clauses mou aknbedouv. To
oUvoho TV ePuet®dy AMoewv X(I) eivar to ovvoho and éha ta duvatd SOL (xd&be
SOL npoxtntel and pro dtagopetixnf| anovour, okfbetac). “pa Aotmbéy o€ auth v
nepintwon to OPT(I) etvan o péyrotog aptBude anéd clauses ntouv aknbedouy ue xénota
anovour ahfbetag.

Eotw A évag mpooeyyLotixds alyoplBog ToOALLYLULXOU YpdVou YLa To
npoBAnua II. O adybpfuoc A Oa npémet yio xd0e otiyubtumo I va emotpéper pia
Aoon SOL(A(I)), n onoia puowd avixer oto X(I). Aéue 6Tt o mpooeyyloTixis
alybplfuoc A metuyaiver mpooéyyion Ra(I) v to mpéPinua II av yu 6ha ta
otyutétuna I tou IT woydet:

OPT(I)  |SOL(A(]))]
ISOL(A(I))]” OPT(I) )

Ry > maz(

O mapdyovtag npooéyyions Ra(I), optouévog énwe napandvw, eivar ndvta > 1
avegdptnta and to edv to II elvar mpdPBAnua yeyLotonolnong ¥ ehaytotonoinong.

Aéue 6t éva mpdPAnua Bedtiotonoinong II dev unopel va mpooeyytotel ue ma-
pdyovta tpoocéyylone R(I) (§ uxpbtepo), edv yua xdbe npooeyyiotxd akybpibuo
roAvwyvuxol yedvou A yia to II, undpyel xdroto otiyutdtuno I tou II tétoto dote:

R(I) < Ra(I)

Tétolx anoteAéouata un - TpooeyyLowwdtnTag Ta arodetxviouue ouving Bew-
pdvtag 6t P <> NP. Mepuxd anoteAéopota Un - TROCEYYLOWOTNTAG VLA VO OTO-
detyHoiv ypetdlovtal xdnwe mo duvatég utobéoelg 6nwg NP <> TIME(nO(IOg log ”))
(quasi NP-hardness) ot onoteg miotedeton bt elvon ahfbeta.

0.3.2 ITpofMjupata pe eyyvnom

Tao npoBAjuata e eyyvinon (promise ¥ canonical tpofMjuata) ouvdéouy ta TEoBAY-
uoata BeAtiotomoinong e ta TpofAfuata andpaong. e éva mpdBAnua ue eyyinon,
divetan éva alvoho aTLyUloTOTwY evog TpoBAfuatog Bedtiotonolinong xabdg xon uia
eyyimon 6t n Béhtiot Aon OPT(I) eivan toukdytotoy ton e U(I) # uxpdtepn
ané L(I). Anhadf to OPT(I) 8¢ unopel va elvan avdueoa ota L(I) xow U(I).
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OPT(I) > U(I) (1)

e N

OPT(I) < L(I) (2)

To U(I) o L(I) eaptdvtar and to otywdtuno I xa npogavéys L(I) < U(I).

O otd)0¢ Tou TROPAUATOC UE EYYUNOY lvat Vo amo@acicovue Tola and Tig 0o
TEQLTTAOELS LOYVEL.

[ nopdderypa éotw IT elvar 1o mpdPfAnua MAX3SAT. 'Eotw I éva otiyutdtuno
tou MAX3SAT pe m clauses. Av € > 0 eivonw pea uixpt otabepd xar U(I) = m xau
L(I) = (1 — €)m, téte o npbPAnua pe eyydnon MAX3SAT elvor va anogoacicouye
ov:

OPT(I) > m

e N

OPT(I) < (1—¢€)m

Ocedpnua 0.1 ([2]) To mpdBAnua ue eyyinon MAX3SAT ue napauérpous U(I) =
m xat L(I) = (1 — e)m yia xdrow € > 0, énov m elvaw o aptfudc twv clauses tou
ottyutétunov I, elvar NP-hard va aropactotel.

ToviCouue 6Tt éva mpdPAnua ue eyyinon nepthoufdvel uévo exelva ta otLy-
utétuna tou avtiotolyou mpofAfuatog BeAtiotonoinong, yia to omola toylouy ol
Widtnteg 1 4 2. T v axpiBela Ta otLyptétuna Tou TpofAfuatog ue eyylinomn y
To omola toyver 1 WoTNTa 1 elvon petaoyNUATIONOl OTLYULOTOTWY Tou TEoBAfua-
tog anégaong SAT ue andvinon ‘NAI'. Evéd ta otiyuidtuna touv npofAfjuatog ue
eYyoinom vy ta onola Loy Vel N WLoTNTA 2 Elval YETAOYNUATIOUOL GTLYULOTUTWY TOU
npoPAfuatog andépaong SAT ue andvinon ‘OXT'.

Cevixdg dnAady to mpoPfAfuata ye eyyvnon elvon mpofAfuata Tng LopPhis Tou
neptypddaue yio to omola €xet amodety el 6Tt elvar NP-hard va arnogaciefoiv. An-
Aadn, extég av P = NP, 8ev undpyet ToAuwvuuixds alyodptfuog mou va anogaotilet
av OPT(I) > U(I) y OPT(I) < L(I). Aut6 6uwg onuaiver bt de unopel va
umdpyet TpooeYYLoTXGS alybpliuog ToAvmyuuLxol yedvou mou va divel napdyovta
TEOGEYYLONG

Ac dolue yuatl:
BEotw 6t to II elvar mpéfAnua ueyiotonoinons. ‘Eotw A o mpooeyylotixdg
ahybpibuoc ue Ry = R.

OPT(I
Ry > OPT0)

_g@zaﬂﬁj—»OPTU)§EKQSOL

L(I)

Ioyter entong:
OPT(I) > U(I)
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OPT(I) < L(I)
Egapuélouue tov npooeyylotxd arybpliuo A oto II(T).
1. Eotww SOL(A(I)) < L(I)
— OPT(I) < U(I) —» OPT(I) < L(I)

2. 'Eotw SOL(A(I)) > L(I)
— OPT(I) > L(I) —» OPT(I) > U(I)

Anhadi av uthpye tpooeyyLoTindg alybptbuog ue tapdyovia npocéyyions R(I) =
%, to NP-hard npéfAnua pe eyyinon II Oa unopodoe va anogaciobel. Suvendg
dev uTdpYEL TREOGEYYLOTIXGS aAYOpLOUOg TOALWYLULLXOY XedVOU UE TapdyovTa Tpo-
otyYlong

_uv@_ 1
(=75 = 1=
v o TeoBAnua MAX3SAT agod av umhpye autdg o akyodplbuog Ha umopoloe va
yenotonowmnBet yua va anogactobel To tapandve tedBinua ue eyyinom.
AN\ anoteléouata yia promise tpoBAfuata elval:

Ocdpnua 0.2 (/2]) To npdfinua ue eyyinon MAX-5-OCCURENCE-3-SAT ue na-
pauétpoug U(I) = m xat L(I) = (1—€)m yia xdrow € > 0, énov m elvar o aptfude
Ty clauses tov otiyudtunov I, elvar NP-hard va arogaociotel.

Ocdpnua 0.3 (/20]) To promise mpdBinua SET COVER ue napauétpovs U(I) =
k(1 —€)Inn xat L(I) = k yia onowdfnote € > 0, elvar NP-hard va anopaciotel.

Anhod dev umdpyel npooeyyloTixdg alydeliuog ToAuwYLULXOY YpdVou uE Ta-
pdyovta npocéyylong
vl
I)=—=
yua 1o npdPBAnua SET COVER agol av utheye autdg o akyodptbuog Oo unopodoe va
xenotuonownfel yia vo anogaoctobel o tapandve promise tpoBAnuUa.

=(l-¢lnn

Ocdpnua 0.4 (/23]) To promise mpdBAnua MAX CLIQUE ue napauétpovs U(I) =
k xau L(I) = yia xdnow € > 0, elvar NP-hard va aropaociotel.

1-c

Auté onuatvel 4TL dev uTdpyEL TEOCEYYLOTIXGS alybpLiuog ToAUwYLULXOY Yp6-
VOU UE TARAYOVTA TPOCEYYLONG

v o TeéBAnua MAX CLIQUE agoVl av unfpye autds o ahybptbuog Oo uropoloe
va yenordornombel yia vo arogactolel to mapandvew promise tpdBAnua.

Ta nopandvew dewphuata anodelyOnxay yenowonotdvtag 1o PCP fedpenua. T
neploobtepeg Aentouépetes deg [1, 2.
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0.3.3 Avayoyés diatripnons Yaouotog

H avayoyh dwtfhenong ydouatoc (gap - preserving reduction) npotédbnxe oto [2]
XOL XPNOLUOTOLEITAL YL TNV ATOIELEY) ATOTEAECUATOY UN) - TROGEYYLONG.

Eotw II xou II' 800 npofAfuata Behtiotonoinong. M avaywyr diathenong
ydouatog elvar évag ahydeliuog moluwvuutxol ypbévou o omolog uetaoynuatilet
éva. otryptétuno I tou mpoPAfuatoc ue eyyimon II pe névo épro U(I) xour xdtw
6pro L(I) o€ éva otvypdtuno I’ tou npoBhiuatog II' ye mévo 6po U'(I') o xdtw
6pto L'(I'). H avaywyt yivetor ye tétoto 1pbéno HGote v toyleL:

OPT(I) > U(I) —» OPT(I') > U'(I') (3)

OPT(I) < L(I) » OPT(I') < L'(I') (4)

'Etot av 1o promise npéBinua II eivar NP-hard vo anogaoiobetl téte xon to II'
elvor NP-hard vo anogaoiofel. Ag dodue yroti:

A¢ unoBéooupe bt undpyel évag alydplbuog mohuwvuulxol yedvou mou amo-
paoilet to II' pe napauétpoug U'(I') xav L'(I'). Ag vnobéoouue ywpic PAEBN ¢
yevuxdtntag 6Tt 0 ahydpriuog arogactlel 6t woyder OPT(I') > U'(I'). Zuvendg to
OPT(I') < L'(I') elvon Peudéc xan dpa pe avubetoavtiotpoyh to OPT(I) < L(I)
elvon Peudéc, ouvende OPT(I) > U(I), dnhadh unopolue va ano@aoicouue yLo To
II. H ovuvénela tng avaywnyis dathienong ydouatog elvor 6Tt de umopel vo umdpyet
TOALWYLULLXOY YEedVOoL TpoaeYYLoTiXdg adydpibuog Tou va metuyaivel Tpocéyyion

U(I")
(I

RI(II) —
Y To npéPanua II'. Topatnproets:

e 'Onwg oTlc MEPLOGOTEPES YVWOTEG avaywYES, £TOL XL OTNV avaywyt| dtoty-
pnong ydouatog undpyeL avitotolynorn otig Aoetg. Anhadf pta Adon tou I’
ueyéBoug Touldytotov ¢ uropel vo petaoynuatiohel oe tohuwvupxs Ypdvo
oe uae Aoon tou I yeyéboug toukdytotov c.

o Ta npofMuata IT xou IT' uropel va etvar npofhiuata yeyiotonoinong A eha-
Ylotonolnong e onolodfrote cuVILACUS.

o H Widtteg 3 xow 4 toylouy yLa £val UTOGYUYORO TV BUYVATHOY GTLYULOTOTWY
Tou mpofAjuatog II. Xuvendg n gap-preserving avoywyn ylo to oTLypLdTUTA
I wou II v ta omola toyber L(I) < OPT(I) < U(I) unopel va cuunepLpépetal
ue onoodfnote tpémo. I'ot autd TO AbYO, €VOg TPOGEYYLOTIXGS ahYOpLOuog
v to IT' o o gap-preserving avaywyf ané to I oto I’ dev onuatodotoly
v Unopén npooeyytotixol adydptbuou yia to II. Me auth tnv évvota 1 gap-
preserving avaywyt elvor o addvaty and v L - avaywyd ([43]) n onola
optletar yia 6ha T otrypdtuna Tou II. Anhadi pa L - avaywy and to Il oto
IT' 6 ouvduaouéd ue évay tpooeyylotixd alybpliuo tou I pag eaopalilet
évay Tpooeyylotxd akybpibuo yio to II. H gap-preserving avaywy?h Aowndv
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elvar ouvibwg mo edxoAn and Ty L-avaywyh xot yenoiwomoteltat yio va
delyvouue apyntixd anoteAéopata npooeyyLowwétnrag. Mua L-avaywyr elvor
xou gap - preserving, to avtifeto duwg dev toylet. T wa nepiypagh g L
- avaywyhc dec [43].

o H avaywyn Swatipnong ydouatog unopel vo mapdyet Eva uixpdTepo 1 UEYO-
Nitepo ydoua oto II' and 6t to ydoua tou II. Anhadf dev datnpel avoryxo-
otwd To Yéyebog Tou ydouatog, dtatneel Suws ydoua.

0.3.4 KAidoews Ilpocéyyiong

Ta vnoloytotixd npofAfuata Tallvouodvial o€ XAJoELS avdhoya UE To Ypdvo Tou
yeetaleton xdnolog akyopliuog yio vo T ETLAVOEL.

Y1 xhdoeg tpocéyyLong, Tagivouolue tpofhiuata BeAtiotonoinons Twy onolwy
o tpofhiuata andpaong eivar NP-hard va emtdufoly. H taivéunon yivetow ue xpt-
ThpLo ToV TapdyovTa TPocéyYyLoNg oL €xel XAToLog TOAUGYUULXGS akybpliuog Tou
T npooeyyilel. H tepapylo auth elvan oyetind xatvolpla xau elvar anotéheoua me-
PLoCc6TERO TV ATOBETIXDY UehbdwY Tou €xouue ot Btdbeon pag oL avtavaxhd
Aydtepo lowg v mpaypatxdtnta. H tepapyia mou €xel tpoxdiel wg tdpa patveton
oto oyfua 1.

Eva mpéBinua avixel otny xAdon n av undpyet € > 0 étol Gote 10 TEdPANUA
voL umopet va tpooeyytotel and évay ahybpliuo ToAvmvLULXOY YpdVou UE TopdyovTa
npooéyylons O(n€), énou n elvar 1o péyebog tou oTypLéTUTOU TOU TROPBAAUATOS.
Aéue 6TL éva mpbBAnua Behtiotomoinong elval n-hard, av undpyet € > 0 yua 10
omoto dev undpyel TOAVWVUULXOU YpOVOU TEOsEYYLOTLXOG aAYbpliuog ue Tpocéyyion
R(I) € O(nf). Aéue bt to npdPAnua Behtiotonoinong elvat n€ - complete av avixet
oty xhdomn n¢ xou elvar n - hard. Eva tétowo npdfinua elvor to MAX CLIQUE.

H »\édom logn elvar umoxhdorn tng n¢ xou mepthaufdver exciva to mpoBAfuata
ya T omola undpyet alybpliuog Tohvwvuuxold xpbvou Tou TETUYALVEL TPOCEYYLON
ue napdyovta O(logn).

Aéue 6t éva mpdPBAnua Behtiotomoinone eivar logn - hard av dev undpyetl To-
AUwYLULXOU YpOVoU TROCEYYLoTIXGG ahYbpliuog Tou va tetuyaivel Tapdyovta npo-
oéyyione R(I) € ©(logn). Eva npéBinua Bektiotonoinone eivan logn - complete
av avixel oty xAdomn logn xo elvon logn - hard. 'Eva tétoio npéBinua elvar to
SET COVER.

Eva npbéBinua avixet otny xhdon APX (n onola elvar unoxhdon g logn) av
UTdEYEL TOALWYLULXOU YPOYOU TPOoEYYLOTIXGS ahybpLOuog Tou TeTuyaivel Tapdyo-
vta 14€ yio xdnowo € > 0. Aéue 61t éva medBinua etvar APX-hard av undpyet € > 0
TETOLO (OTE XAVEVAS TOAUWVUULXOU XpOVOL TpoaeyYLoTixds alybpliuog dev umopet
va metiyel mopdyovta npocéyyions 1 + €. Eva npdBAnua mou avixel otny xAdon
APX o etvar APX-hard, ovoudletoar APX-complete. 'Eva tétoto mpdfBinua elvae
to MAX3SAT.

H xhdon PTAS elvow unoxhdon e APX xau meptéyet exelva ta mpoBAquata
v Ta omola LTdpyEL TOALVWYLULXS oyfua. Ankadh Ve > 0 undpyel TOAVGYLULXOV
Xeovou mpooeyYLoTixdg ahybpLiuog mou metuyalvel Ttapdyovta npocéyyong 1 + €.
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optimization

FPTAS

Yyfua 1: Tagivéunon mpofhnudteov oe xhdoelg tpocéyyiong. XuuBoAilovue
wer “n” v xhdon tev mpoPinudtey pe O(n) mapdyovio Tpooéyylomg,
“logn” v xAdon Ty TpoPinudtey ue O(logn) mapdyovta mpooéyyiong,
APX tnv xA\dor twv npofAnudtwy e otabepd mopdyovta TeoGEYYLoNG Xl
PTAS xaw FPTAS 1ic %A\doeig Ty TpoPANudtony Ue TapdyovTta TpocEYYLong
000d1ToTE XOVTd 070 1.

H ypovuxi) tolunhoxdtnta tou ahyopibuou eaptdtal exbetind and to Eéav n
xeovu Tolurhoxdtnta Tou alyoplBuou e&uptdton TOALVOYLULXE and TO ¢ TOTE TO
ovoudlouvue FPTAS. 'Eva npéfinua mov avixer oty xAdon PTAS xat dev avixet
oty xhdon FPTAS elvaw to MULTIPLE KNAPSACK evé to KNAPSACK avijxel otnyv
xAdon FPTAS.

—rq

Eyouv mpotalel xou dAAeg xhdoelg, dnwe yia Tapddetyuo n xAdon 2log’ n
omola elvan avdueoa oty xhdon logn xar oty xhdon n€ ([2]). Enlonc oto [2] o
xAdoeig mpotelvovtoe Alyo Stagpopetixd. I mapddetyua ooy xAdon I opiletar 7
xhdon Twv teofAnudteny tou elvar APX-hard. ‘Onwg einaue xaw nopandve, oL xAé-
oglg Tou €xouv TeoxVEL wg TMpa elval TEPLOGHTEPO ATOTENEGUN TWY ATOSELXTLXADY
uebOBWV.

o [ =

Agpfoaue yua to Téhog Ty TepLypapt) Tng xhdong MAXSNP. H xhdon MAXSNP
TpotdOnxe oto [43] xou mepthapPdver ta tpoBAfuata Tou avixouyv oty xhdon APX.
Eva npéfAnua elvar complete otny xAdon MAXSNP av 6Aa ta mpoBAfuata tng
xA&ong avayoviat ue L-avaywyéc o’ autd.

H »\don MAXSNP xat to mpéBinua MAX3SAT, to onolo #tav totoptxd TO
np@to complete npdBAnua e xAdong énalay pbho otny avaxdiudn touv PCP Oe-
ophuatog ([1]). H anédeln touv PCP fewphiuatog éxave Suvath TV xotaoxev| tov



32 EIYAI'QI'H

TEoBANUATOY Ue eYYUTON.

[ va det€ovue 6TL éva mpdPBAnua dev €xel mpooeyyLoTind topdyovta R, apxel
VO XATAGHEVAOOUNE Uit avay oYY dtathpnomng ydouatog and éva tpéBAnua eyydnong
070 TEOBANUE uog xau Eretta va ‘UETPRo0oVUE’ TO Yaoud.

Ou xAdoelg TPOGEYYLONG XAl TA AMOTEAECUATA U1 - TPOOEYYLOWOTNTAG Elvat
amapaltnTa Yl va xplvouue av évag TeooeyYLoTinds alydplbuog metuyaiver v
xoAOTERN dUVATY TROGEYYLOT YLo XATOoLo TEOBANUA.

0.4 Elayiotonoinoy guhdxwy - I'vwotd anote-
Aopoata

Eva and ta 1o YVwoTd anoTeAEoUATH TOU EXOUY OYECN UE TN PUAAEN TOALYHBVWY
elvar to Art Gallery Theorem to onolo Aéet 6tu | % | pllaxeg apxolv ndvta (xdnoteg
popéc umopel va elvan xaw avaryxaiot) étot dote vo tepLppoupeitat éva TOAGY®VO UE
n xopupéc [9].

To mpéBinua TepLpeolenong evoHg TOALYEVOU YENOLLOTIOLOYTAS TOV EAAYLOTO
apiud puidxwy elvor NP-hard. Anhady aveédptnta and to €dv oL gllaxeg emitpé-
netat vo tonofetnloly otig xopupés aTig TAEURES 1) 0TO EcWTEPLXS XAt AVEERPTNTA
and To av 6TdY0g elval 1 ppovenon Tou EcwTERLX0U 1| TNG TEPLUETEOU TOU TOAVY VoL
ue N xwelc tpineg, to mpbBinua eivar NP-hard [32].

[Tpooeyyotxol ahybptBuot eivar yvwotol [22] yia ta mpofAfuata MINIMUM
VERTEX GUARD xat MINIMUM EDGE GUARD yta nohdywva (ecwtepixd A mept-
UETPO) WE | xwplc TpUNeg Ue TpooeyyLtoTxols Tapdyovies g tédéng O(logn). Ta
npoPhjuata MINIMUM VERTEX GUARD (BOUNDARY RESTRICTED), MINIMUM
EDGE GUARD (BOUNDARY RESTRICTED) ot MINIMUM POINT GUARD (BOUND-
ARY RESTRICTED) yta tohdywva ywplic tpineg eivar APX-hard [32, 15, 16, 18].

To npofAfjuata MINIMUM VERTEX GUARD (BOUNDARY RESTRICTED), MIN-
IMUM EDGE GUARD (BOUNDARY RESTRICTED) xat MINIMUM POINT GUARD
(BOUNDARY RESTRICTED) yta Ttohdywva e tpimeg elvar log n-hard ([18]). MdAt-
0Ta, 0 XUAUTEPOS YVWOTOS TpooeyYloTixds alybptluog yia to npdBAnua MINIMUM
POINT GUARD (BOUNDARY RESTRICTED) yta ToAdywva Ue 1 ywplc tpineg netu-
Yoiver tpooeyylotxd napdyovia O(n).

Yo [12] npotdbnxe 1o g npbBAnua: éotw évag aptiude and onuetaxols On-
oovpovg ot éva toAbywvo P. ITowog elvar o eAdytotog apliudg guidxwy tou anattol-
vtoe Gote 6hot oL Onoavpol va puhdoocovtat. 1o [12] anodelyOnxe 61t o npbBAnua
elvoar NP-hard xow mpotdfnxav xdmorot guptotixol akyodpLbuot.

Yo [5] avabétovton Bdpn otouc Onoavpoldc xar peretody v mepinTworn Tng
tonofétnong evog glhaxa étol Hote to dfpoloua Ty Bapdy TV Bnoavpdy Tou
puAldocovtat va elvan péytoto. Survey [32, 41, 46, 48, 15, 22].

Yo [31] e€etdletan ) MEPLPPOVvENOT TWY TAEURADY TOU TOALYGVOU.

To mpéPAnua MINIMUM CONVEX COVER eivar NP-hard ([11]). Mnopel va
TpooeyyLotel ye mapdyovta logn ([15]) evéd éxer anoderybel b1t elvor APX-hard.

To mpoBANUA XATAXEPUATIONOU EVOS TOALYHDVOL Ywelg TPUTES oE €va EAAYLOTO
aptBud and un-emxoluntéueva xuptd toddywve (MINIMUM CONVEX DECOMPOSI-
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TION) elvoe oto P ([6]). To npdéBinua yivetar NP-hard uévo av to nohdywvo éxet
TpUneg ([33]).
To mp6BAnua MAXIMUM WEIGHTED CLIQUE ON VISIBILITY GRAPH avijxel

oto P av 1o mohdywvo dev éyer tpimec ([3, 13, 14, 17]). Edv to noldywvo éyel

1
7 7 7 ’ z __’Y /
TpUnEg TOTE TO TEOBANua dev mpooeyyiletoun ue mopdyovia 25— yia omolodfimote

v > 0, extéc av P=NP ([17]).

To mpéBinua MINIMUM CLIQUE PARTITION ON VISIBILITY GRAPH o€ TOAU-
yova ywpels tpineg éxet anodetyfet 6t elvar APX-hard, evéd éyel Bpelel npooeyyioti-
x6¢ alybpiuoc ue napdyovta O(logn) ([17]). e nohdywva pe tpines éxet Bpebel
6t to TPOBANUa de uTopel va mpooeyyLoTel ue Tapdyovia xahitepo and O(nf) yu
xdmoto € > 0 ([17]).

H teyvue greedy mou yenotuonolodue yia Ty e0pect) TROCEY YLOTIXGY aAY0pi0-
uoVv ya to tpoBAfuata MAXIMUM LENGTH GUARD xat MAXIMUM VALUE GUARD
éxet xpnowononlel yio v edpeomn mpooeyylotxol ahyopibuou yia to TEOBANUL
MAXiMUM COVERAGE ([40, 10, 49, 26]). H teyvuef; greedy mou ypnotuonotolue
Yl TNV TEOoEYYLon TwY TEoBANudtewy BUDGETED MAXIMUM LENGTH VERTEX
GUARD xat BUDGETED MAXIMUM VALUE VERTEX GUARD éyet ypnotuonoundet
oty npocéyyion tou tpofAfuatoc BUDGETED MAXIMUM COVERAGE ([30]).

Télog, to mpbBAnua MAX-5-OCCURENCE-3-SAT éyet anodetybel 6t elvar APX-
complete ([43]).

0.5 Meyiotonoinorn xdAvdng - ArnoteAéopata

H SatpiPn euninter oty meproy) g Oewpnuunic IIAnpogopuic xow ewduxdtepa
OTNY TEPLOYH TWV TPOGEYYLOTXADY aAyoplBuwy yia TpofAfuata utohoytoTixic Ye-
wueTplag.

Y10 TpdTOo XEPAAALO TERLYPAPOLUE Lo Stadixaoia XATAKEQUATIONOY TOU TOAL-
yévou. Ewlduxdtepa otny evédtnta 1 tou xepaiaiov dlvouue v TpOTO XATAXEPUATL-
ouol NG MEPLUETPOU TOU TOAUYADYOU w¢ Tpog TNy opatdtnta. Auth T Stadixactia
(Finest Visibility Segmentation) fa xalolue cuyvéd otoug akyopifuoug Twv endue-
VoV xepohalny. 3TN deltepn evdtnTa MepLYpdPouue Ula dtadixaoia XoUTaXEpUATL-
OUOU TOU EGWTERLXOY TOU TOAUYGVOL WG TROG TNV opatdTNTa TNV omola Oa yenotuo-
molfoouue 0To xePdhato 5. Ta amoteAéouata g evotnrag 1 tou xepaiaiov €youy
dnuooteubel oto [35].

310 delTEpO KEPAAALO AGYOAOVUACTE UE TO TPOBANUA TNG TEPLPPOUPNONG UEYL-
0ToU UhXoUC NG TEpLETPou evég Tohuydvou ue k @dhaxec (MAXIMUM LENGTH
GUARD). Arnodewxviouue 61t 10 npdéPAnua eivar NP-hard xat divouue ahyopifuoug
TOALLYLULXOY Yedvou Tou meTuyaivouy atabepr TpocéyYLon we TEog Tig BEATLoTES
AboeLg yla Tig TEPLNTMOELS ToToBETNoNG TV QUAEXWY OE X0PUPES, 1 TAELPES xaBdg
XOL YL TNV TEPIMTWOT TOAUYDOVWY UE TRUTES.

Y to xepdiato 3 peketolue to TPOPANUA TN xdAhudne uéyLotne adlag e TepLué-
tpou (MAXIMUM VALUE GUARD). Anodetxvioupe 61t to npbéBAnua eivar NP-hard
xat divouue alydpliuoug molvwvuuixold ypdvou yia Tig TEpLTTOOoELS Tonobétnong
PUAEXOY GE X0pUPES 1) TAELEEG XaL YL TNV TepinTwor ToAdYwvwy ue tevnes. ‘Olol
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ot aAybpLiuor mou divouue metuyaivouv otabepd mpooeyyloTind mapdyovta. XtTo
i8to xepdAato peketolue to mpdPAnua NG emiBAedng 1 pepuaic xdAudng uéylotng
aglag. Amodewxviouue 6Tt To mEdBANUa topauével NP-hard xou divouue mpooeyyt-
oToVg akyoplOuoug Yo TLg TEPLTTAOELS PUAAXWY - XOPUPRDY, PUAAX®Y - TAEVEMOY
X0t TOAVYBVWY Pe TeUTEG. Amodetxviouue enlong nwg To TpoAAuata autol Tou xe-
pokaiou de umopel va £xouy TEooEYYLOTIXE Gy fiaTa TOAVWYLULXOY Yedvou. Ankadi
T TpofAiuata autd de urnopel vo avixouy oty xhdon FPTAS. Ta arnoteréopata
TV xe@oralov 2 xau 3 éyouy dnuootevbel oto [35].

Yto xepdharo 4 yehetolue to TpdBANUa tepLppolonons wéytotng aéiag ue napd-
uetpo v tonofétnon twv épywy téyyne (MAXIMUM VALUE GUARD WITH PAINT-
ING PLACEMENT). Anhadf extéc and tny tonobBétnon twv guldxwy {ntdue enione
vo tonofethioouue ta dedouéva €pya TEYVNG MAVK OTNY TEPIUETPO £€TOL BOTE VA
éyouvyue mepppolenon wéytotng aélag. Alvouue mpooeyylotixols ahyobptiuoug mou
XeNotonololy éva TOAUYUULXS oxfua yia To TeéBAnua MULTIPLE KNAPSACK.
Arnodewviouue 6Tt metuyalvouy otabepolc Tapdyovteg TEOGEYYLONG Yl TLG TEQPL-
TTAOELS PUAAXWY - XOPUPKY, PUAAXWY - TAEUPKDY XAl TOAVYDAVWY UE TRUTEC.

Yto xepdhato 5 optlovue to mEdBANUA TNg xdAuPnc HEYLoTou UAXoUg TNG TEPL-
uétpou ue bplo xbotoug toumodextdy (BUDGETED MAXIMUM LENGTH VERTEX
GUARD). To mpéPAnua tou xepaaiov 2 (MAXIMUM LENGTH VERTEX GUARD)
elvor €L mepintwon Tou mpoPAfuatog autol ot £tol To meéBAnua BUDGETED
MAXxiMUM LENGTH VERTEX GUARD elvor NP-hard. O aAyépifuoc duwc tou
npofAjuatoc MAXIMUM LENGTH VERTEX GUARD dev odnyel avayxootxd oe
npooeyylotixy) Adon tou mpofAfjuatoc BUDGETED MAXIMUM LENGTH VERTEX
GUARD. Ailvouue évav xawvolplo adybdpliuo xal anodetxviouue bt netuyalvel ota-
Oepd mpooeyyLoTIXd TopdyovTa Yo TIG TEPLTTMOELS TOTOBETNONG TOUTOdEXTOY OE
x0PUPES KoL TAEVEES, OTWG eTloNG XOL YA TNV TEPINTWOT TOAVYBYWY UE TPUTEC.

Ouolwg, to mpéBinua Tou xepalaiou 6, dnhadh n xdiudn uéyiotne allag ue
Gvw bpLo xbotoug tounodextdv (BUDGETED MAXIMUM VALUE VERTEX (GUARD)
elvar mo yevixd amd to mpoPAnua MAXIMUM VALUE VERTEX GUARD TOU XE@o-
Aatou 3. Alvouue xou yio autd T TESBANUA TOAVWYLULXOY XPOVOL TROGEYYLOTIXO0VS
aAybpliuouc.

Yto xepdhoto 7 extés and tny TomobETnon TwV TOUT0dEXTHOY, Xdvouue xot BEA-
Loty Tonobétnon avauetadotdv (BUDGETED MAXIMUM VALUE VERTEX GUARD
WITH PAINTING PLACEMENT). To npéfAnua eivor yevixeuon tou mpofBifuatog
MAXIMUM VALUE GUARD WITH PAINTING PLACEMENT tou xepalatou 4.

Me to xepdroto 8 xhelvel 1 eVOTNTA NS TAPOVGLAGNS TPOCEYYLOTLXGDY ahyopih-
OV Yo TPoBAAUATE 0 TOADYWYA, UEAETOVTAS TwS UTopolue va xahvouue éva
uéytoto euPaddy and to eowtepixd Tou ToAuydvou (MAXIMUM AREA VERTEX
GUARD).

Yto xepdhato 9 Eexvd pror véo eVOTNTA, oUTYH TWY ATOTEAEOUATWY YN - TEO-
oeyylootnroac. Yrevluuilovue xdnowa otolyela and tn Oewpla tpoceyyLowwbtnTag
xot EMELTA TMEPLYPAQYOLUE Wial avaywyh dtathpnomne ydouatoc (gap preserving re-
duction) ané to npéBAnuo MAX-5-OCCURENCE-3-SAT oto npbfBinua MAXIMUM
VALUE VERTEX GUARD, anodetxvbovtag 6T 1o npéBAinuo MAXIMUM VALUE VER-
TEX GUARD civow APX-hard.
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YN ouvEyEld, ®AVOVTaG TIC XATAAANAES TPOTOTOLAGELS OTNY TEONYOUUEVY ALVOL-
Yoy anodetxviouue oto xepdhato 10 6t ta TpoAfuata Ty xepaialny 2 - 8 elval
APX-complete. Eivat yvwot6 ([43]) 6t 1o npbéBinua MAX-5-OCCURENCE-3-SAT
elvar APX-complete. Ot avaymyéc autéc YpnoLLoTotoly 6To XATAOXEVAOTIXG UépOog
xdmoteg Wéeg mou ypnowwonotfinxay ota [32, 16] v g anodeilerg NP-hardness
xat APX-hardness avtiotoiya tou npofAfuatoc MINIMUM VERTEX GUARD. Me
T0 xe@dAono 10 xAelvel 1 EVOTNTA TWV ATOTEAEOUATOY U1 - TpooEYYLoWOTNTaG. Ta
anoteréopata Tov xepalalwy 9 xar 10 éxouv dnuooteubel oto [36].

Yto xepdhato 11 acyoroluaote ue TEOBARUATA OE YRAPHUATE. LUYXEXQUUEVA,
ueketolue to TpoBAnua MAXIMUM WEIGHT IN k£ CLIQUES ot ypd(oug opatdTnTog.
Xenotuonototue ) uéHodo Tou xeparalov 2 xat TEPLYPEPOLUE Evay TPOOEYYLOTLXS
ahyoptbuo ue otabepd napdyovia mpooéyyionc. Ta anoteléouata Tou xepohaiov
11 éyouv dnuooteubel oto [35].

Yto xepdhato 12 opilouvue éva evdiapépoy TPOBANUL UE EQUEUOYEG OE TOANES
neptoyés. To mpbfBinua autd ovoudletar GENERALIZED SET COVER.

Ta anoteréopata TV xeparaiwy 4, 5, 6, 7, 8 éyouv otakel Yo dnuooicuon ota
(37, 38, 39].

Téhog 010 xedrono 13 xdvouue Uit aVAXEPUAALDOY TWY ATOTEAECUATOY NG
dtatpBhc xan mpotelvouue pLa oelpd and TEOBANUATA YL TARATER EPELVA.
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Kegdhiowo 1

Kotaxepuatiogndg Tou ToAUY®VOoL

Ou meptypdouvye e3¢ ua uébBodo ue TNV onolo UTOPOUUE Yo XATAXEPUATLGOVUE TNV
TEPIUETPO TOU TOAUYDVOU WG TPOG TNV 0paTOTNTA. 211 ouvéyeta Hu del€ovue mwg
UTOPOVUE Yo YEVIXEVOOLUE auTH TN U€O0BO0 YLo TOV XATAXEPUATIOUS TOU EGWTEPLXOV
TOU TOAVYGVOU WS TPog TNy opatoéTTa. Tn wébodo auth Oa ypnoiuonoioovue ota
EMOUEVA XEQIAOLA.

1.1 H replpetpog ToL TOALYEGVOU

Eotw éva tohdywvo P ue n xopugés. [N autd to moAdywvo unopolue va xoto-
oxevdoouvye éva ypdonua G(V, E) 6mou 1o odvoho V elvar 10 6Gvoro Twv xopupdy
Tou TohLYGHYoU xan (v,u) € E av xar uévo av 1 xopugh v tou ToAuy@dvou BAEnel
v xopupf u. Autdg o ypdgog ovoudletar Ypdgpog opatdtntog (visibility graph).

o %8Be axuh (v,u) € E, npoexteivouue to eubdypouuo tufua (v,u) 600 7
TPOEXTAOY) TAPAUEVEL OTO ECWTEPLXO TOU TOAUYDVOU %ot €WS GTOV AUTH TUHOEL TNY
nepluetpo tou Tohuydvou. To oivoro twy onuelwy Touns to ovoudlovue FVS. To
olUvoho autd TepLéyel xat GAe TG X0pLPES Tou ToAuY®VOoU (oyua 1.1).

Ipétaon 1.1 Eorw v € V(P) wa tuyaia xopuey tou noAvydvou. Eotw a,b Svo
Siadoyixd (ndve otny nepluetpo tov moAvydvou) onuela mov avixouy oto olvolo
FVS. To tufjua tnc nepuérpov (a,b) elvar opatd and tnv xopugl v av xar uévo
av emfBAénetar and Ty xopuyl v.

Anédedy. Edv éva tuiua elvan opatd and xdmoia xopupy 16TE TpoPavis emBAE-
TETOL.

Ac unoBéoouvue 61t éva tufiua FVS (a,b) emPréneto and uto xopugh v alid dev
elvon opatd ohbéxinpo. Eotw b1t 10 olvoho twy onueiny tou (a,b) tou gaivovtal
and v xopuet v elvan (¢, d), 6nwg oto oxfua 1.2. To alvolo (¢, d) undpyet apol
t0 (a,b) emPBrénetar and v xopueh v. Egboov to v dev BAénel apotepd Tou c,
onuatvel 6Tt umdpyet xopun w1, mou eunodilel Ty opatdéTNTa Tou v. [ Tov (SLo
A6YO0 umdpy el xopuEY ug Tov eumodilel TV opatédTNTA TOL ¥ deLd Tou d. ‘Ouwg tdTE
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Yyfua 1.1: Xwpilovtag v neplUeTpo TOU TOAUYOVOLU OE TUAUNTO UE dxpa
oto oVvoho F'VS

amé TNV XATAGHEUY) TOU XATAXEQUATLONOU, Tat ¢, d Oo émpene var avijxouv 6To clvolo
FVS xat ouvendg ta a, b dev Oa frav Stadoyixd méve oty nepluetpo. ATOIIO. O
Ou ouvéneteg g mapamdvw tpdtaong etvol:

e Onowdnirote FVS tuua e nepiuétpou tou mohuydvou eite Ha elvar opatd
xo O emBAéneTan and xdmota xopuen elte dyt.

e 'Eva onowdnirote tufua e TEpLéTpou Tou TOAUYKOYOU Tou oplletor amd
dradoyed (mdvew otny mepiuetpo) onueia Tou cuvéhou FVS xau elvar opatd
amd Lo xopuPN v, SEV UTOREL Vo TEPLEYEL YVHOLO LTOTUNUA 0pATO ATd XAToL
GAAT xopueN.

Ed&v to mtohdywvo €yxel n xopupés, o apthuds Twv axudy Tou Ypdpou opatdTNTIS
elvar O(n?). Suvendec o aptBudc twv onuetov Touls Tov O(n?) axudy ue T O(n)
Thevpéc Tou Tohuydvou etvar O(n?), agol oL Tpoextdoelg yiag axufic Tou YP&Pou
0paTéTNTAG €)0UY TO TOAD 2 onuelo Toung UE TNV TEplUETRO TOU ToAuyhvou. Ty
xoatooxeuy auth v ovoudlouue Finest Visibility Segmentation.

Ilpétaom 1.2 FEotw e uta wievpd tou noAvydvou. Ta tujuata FVS mouv emfBAE-
rovrar and Ty nAevpd e elvar axplBds autd mov paivovrar and Tty mAcvupd e.

Amnédegm. Av éva tuiua FVS galvetar and pa mhevpd e, tdH1e Mpogavis emBAé-
TETOL.

Eotw 6t emPBréneton xot dev gatvetal ohdxAnpo and tny tAevpd e. Anhadh on-
paivel 4L undpyet wia Theupd € Tou eumodilet TNV 0pATHTNTA XETOLOU UTOTUAULATOS
Tou tufuatog FVS and tny mAeupd e.

'Ouwg t6Te onualivel 6nwe gatvetal oto oyfua 1.3 6Tt ta @, b dev elvan StadoyLxd
(névew otnv tepiyetpo) FVS onueia. ATOIIO.
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Yyhua 1.2: Eva tufua FVS (a,b) galvetow and v xopueh v av xaL ubvo av
emBAEnETOL AN TNV V

Yuvendg edv xdnoo FVS tufua teptppoupetitat 1§ emBAénetar and xdnoto onueio
NG TAEVEAS, TOTE TPOPAVEAS EMBAETETAL XoL TEPLPPOVpELTAL Omd TNV TAEUPA.
O
Ou ouvéneteg g mEONYOUUEYNS TEOTAOTG ELVOL AVAAOYES UE TLC GUVETELES TNG
npbTaong 1.1.

e Ornowodinote FVS tufua g meptuétpou tou moAuydvou elte Ha elvar opatd
xo Oo emBAéneTan and xdmota Thevpd elte dyt.

e 'Eva onowdinote tuiua e neptuétpou Tou ToAuydvou mou opileton amd
dradoyxd (mévew otnv nepluetpo) onueio tov cuvéhou FVS xau ebvar opotéd
and uio TAeLpd e, dev UTopEL Vo TEPLEYEL YVOLO UTOTUNUO 0pUTH Ao XATOLA
&AAN TAgupd.

Av 0éhouye va Bpodue ta FVS tufuata nouv emBAénet xau mepLppoupet ylo tAeupd
e epyalopaote wg &g yia x&be éva FVS tujua nalpvouue éva onuelo oto gow-
Tepd tou o e&etdlouue av umdpyet eubela Tou evdvel autd To onuelo pe éva
onuelo oto ecwtepd g e. Bdv va, t6te 10 tuwhAua FVS emBAénetar xat nepuppou-
peltar amé v e. Ed&v 6yt, téte onuaivel 6tL undpyet onuelo tou FVS tufuatog
mou dev galvetor amd MY e. XVVEN®DS 6’ auth Ty mepintwon to FVS tuua dev
TepLppovpeltar oUte emPBAENETAL ATS TNV €.

H nopandvew xoataoxevy unopel va egopuootel ywele xauuloe alkayy xal ot
ToAOYwva UE TRUTEG.

H ypovue mohumhoxdtnta g edpeong twv tunudtwy tou emPrémovioe (xot
elvaw opatd) and wia thevpd etvan O(n?).
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YyAua 1.3: Eva tuiua FVS (a,b) galvetor and tny mheupd e av xor wévo av
emBAEnETOL AT TNV €

1.2 To eowteptxd TOL TOAVYHOVOU

Oo doVUE TMPA TWG UTOPOUUE VO XATAXEPUATICOUUE UE AVIAOYO TPOTO TO ECWTEPLXO
TOU TOAUY®DVOU.

Mrnogoilue Vo YEVIXEUGOUUE TNV XATACKEVY TNG TRONYOVUEVTS EVOTNTAS 0G £ENG:

[Tatpvouue TiC TPOEXTAOELS TWV AXUGY TOU YPAPOL 0pATOTNTAS, OG0 AUTEC Ta-
pouévouy uéoa ato Tohdywvo xat Bédlovue oto alvoro FVS bha ta omueio Topng
ueTagl aut®dy Ty tpoextdoewy. Opllouue ocav empdveteg FVS oto ecwtepund tou
TOAUY@VOU, TG emLPdveLeg Tou dev TepLéyouy xavéva FVS onuelo péoa.

O apBude Ty emgavetdy FVS eivar O(n?). Eivow mpogavée amd tnv xata-
oxevy) OTL BeV UTOopel Vo UTAPYEL TPOEXTACT AXUAC TOU YPAPOU 0paTATNTAS EVTOC
TOU TOAUY@VOU Tou v TEUVEL xdmota empdveln FVS.

Ilpétaon 1.3 Mia empdveia FVS eivar opatij and uta xopugs tov noAvydvou ay
xar uévo av enifAénetar and auvtiy.

Anédely. Edv ua empdveia FVS elvar opat| and pia xopugt|, tpopavde emBAé-
TETOL AT AUTHV.

AvtioTtpoga, edv emBAéneTar, ag utobécovue b1t dev elvar opaty. Anhady unde-
YEL x&mota AN xopugpy| b mou eunodiler TV opatdtnTa TNS XOPUPHS a OTKWS GTO
oyfua 1.4

"'Ouwg t61€ 1) Tpoéxtaon tou Twiuatos (a, b) téuvel tny empdvera FVS. ATOIIO.

O

Ot ouvérneleg g mapandve TedTAoYG Elval:
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Yyfua 1.4: Mo empdveta FVS elvon opath and tny xopuey| a av xaL uévo av
emPBAéneTal and Ty a

e Ornowdirote empdveia FVS tou mohuydvou elte O elvar opoty xon O emi-
BAénetar and xdmota xopupy lte oL

e Muw onowdinote emgdveia FVS tou mohuydvou mou elvar opath amd uia
x0pLYY| v, dev UTopel va TEPLEYEL YVAOLX UTOTERLOYY) 0pUTY ald XATOLX GAAN
x0opuUG.

[ mapbuotoug AGYoug UE TOUG TOEATEVG Loy VEL:

Ilp6taon 1.4 Mia empdveia FVS elvar opatij and uie nAevpd tou moAuydvou av
xar uovo ay emPAénetar and autiy.

Ot ouvéneleg g npdtaong elvor:

e Onowdnirote empdveia FVS tou nohuydvou elte Oa elvar opath xonw O eme-
Bréneton and wdnola TAeupd elte O)L.

e Muwx onowd¥note empdveia FVS tou moAuydvou mou elvar opaty amd uia
Thevpd e, dev unopel va mepéyel Yol untorneptoy opaty and xdmoia dAA
TAgLpEd.

H edpeomn twv empaverdy FVS nou nepippoupolvtar xon emPBAénovton and xdnoto
TAeUpd umopel v Yivel o€ TOAUWYLULXS XpdVO UE TPOTO aVEAOYO TOL TEOTOV EVPECT
TOV TEPLPPOVPOVUEVKDY TUNUAT®wY FVS and uia mAeupd.
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Kegpdioto 2

IlepLppolpnom YEYLGTOU WH®OUS
UE k (PUAAXES

2.1 POAoxeg OTLS KOPLYPES

Eotw éva tohdywvo P ywpls tpines. Zntdue va xaklpovue éva uéytoto uépog g
TEPLETPOU TOU TOAUYDVOU, Ypnotdorotdviag To Tohd k @lihaxec (otabuoic). Ot
pONaxeg emttpénetat vo Totofetnholy Tdve 6TIC X0puUPEG TOU TOALYEVOL.

Oa arodei&ovue 6Tt To MAXIMUM LENGTH VERTEX GUARD elvar NP-hard,
avdyovtoag to mpdBAnua anégaone MINIMUM VERTEX GUARD (BOUNDARY RE-
STRICTED) 670 tpdfAnua andépaons MAXIMUM LENGTH VERTEX GUARD.

Opiowés 29 Yto npdfinua andpacnc MINIMUM VERTEX GUARD (BOUNDARY
RESTRICTED) divetar éva noAlywvo P ue ufxoc nepiuétpov L(P) xau évag axé-
patoc k > 0. To {provuevo elvai: uropodue va tonofetioovue to moAU k pUlaxes
OTIC XOPUPES TOU TOAVY@YOU ETOL GOTE TO UXO0S TS TEPLUETPOU TOU TOAUYEGYOU
nou gaivetar and tous pllaxes va elvar L(P);

Opgiowés 30 Yto mpdBAnua anépacns MAXIMUM LENGTH VERTEX GUARD di-
vetat €va moAUywvo P, évag axépatos k > 0 xar évag axépaioc B. To {produevo
elvar va tomolfetiioovue otic xopupés tou P, k gllaxec étol dote to guxiAeldeio
unxoc tne meptuéteov Tou moAvydvou mou gaivetar amé tous k @Ulaxes va elval
> B.

Ipétaom 2.1 To npdfinua MAXIMUM LENGTH VERTEX GUARD eivat NP-hard.

Anédely. Eotw éva otiyutdétuno tou npofijuatog MINIMUM VERTEX GUARD
(BOUNDARY RESTRICTED): Alvetar nohbywvo P, évag axépatog k > 0 xouw {ntdue
va Bpodue av unopolue va xahbpouue OAn TNy TEPLUETRO TOU TOAUYHYOU, TOTOOETEH-
VTAG OTLG XOPLUPES Tou ToAuY®voL < k gUlaxes. Kataoxevdlovye to e€fg otiyutd-
TUTO Tou TMEOoBAUATOg andpuong MAXIMUM LENGTH VERTEX GUARD: malpvouue
T0 (8o mohlywvo P, tov axépao k > 0 xa évav axéparo B mou toodton ue to
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euxAeldeto unRxog 6Ang tng mepuétpou tou ToAuydvou. H epdnom elvat: uropolue
vo. Tonofetioovue k QUAAXES OTLC XOPUPES TOU TOAUYGVOU ETOL BOTE TO PEPOS TNG
TEPUETPOL TOL TOAUYMYOU TOU PalveTol and Toug UAaxeg va Exel ufxog > B; Av
n andvtnon oto deltepo pdBAnua eivan ‘NAT’ (‘OXI’), t6te N andvinon oto npdTto
np6BAnua eivan ‘NAT (‘OXT). O

Ou meptypddouue tdpa Evay alydpliuo ToAvwyuuLxol Ypbdvou o onolog TpooEey-
yilet To npdPAnuae MAXIMUM LENGTH VERTEX GUARD xatd éva otalfepd npooey-
YLOTIXO TapdyovTa.

Apyxd xEVOUUE TOV XATAXEPUATIOUS TNG TEPLUETEOU TOU TOALYHVOU dTWE TEPL-
yedptnxe otny evotnta 1 tou xegaatov 1. Ta FVS onuela elvon dxpa tunuatwy ue
™y axdroudn Widtnra: yia xébe xopuphR v € V(P), éva tufiua (a,b) to onolo opile-
T and Stadoyixd FVS onuela a, b elvat opatd and 1o v av xal udvo av emBAénetar
ané To v.

O aryéphuog 1 howmév PBploxel oe moluwvuuxé xpévo ta O(n?) FVS onueio
xou tufuoata. Metd Bploxel v xdbe xopuph v tou moAuydvou, To GUvoro TwY
FVS tunudtwy mou gatvovtoaw and avth to onolo clvoro xaholue E'(v). Me tov
unoloytoud Ty cuvérwy E’(v) Teheldvel To TpoxatapxTixd wépog Tou alyopifuou.

Yto xvplwg pépog Tou ahyopibuou 1, oe xdbe BAua Tomobetel @UAaxa oTnV
x0pLYY Tou BAEnel Ta TuRuUatTa FVS ue 1o cuvoluxd yeyalitepo unxog xot ta onola
dev paivovtay uéypet téhpea.

Algorithm 1 MaxLegthVertexGuards (* greedy *)

compute FVS points

for every v € V(P) do
compute E'(v)

end for

SOL « 0

for i =1 to k do
select v € V' that maximizes L(SOL U E'(v))
SOL + SOLU E'(v)

end for

return L(SOL)

Oo anodel&ouue 6Tl 0 ahydpliuog 1 Tpéxel 68 TOAVWYLUULXS YPOVO Xl TETUYAL-
vel otalfepd napdyovta mpooéyyione. O pag ypetaotoly dYo Afuuata To omola
AMOSEXYVOUUE OTN GUVEYEL.

Eotw OPT 1 cuhhoyh twv cuvéhwy twv tunudtoy FVS mou avixouv ot
Bértiotn Adon xaw SOL n ouvAhoyh mou pog enéotpede o ahyodpbuog 1. 'Eotw
L(OPT) 7o ouvolx6 ufxog twv tunudtoy FVS nou avixouv otn Béhtiotn Ao
xat L(SOL) to ouvohuxd ufxog twv tunudtwyv FVS nou emotpéypel o alydptbuog
1. 'Eotw S; 10 i-0076 6Uvolo Twv Tunudtey Tou emAéyetat and Tov alybptiuo 6to
B i. Oewpolue 6L

L(Si) = L(Uinzlsm) - L(Ui;:llsm)
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AnAadh to obvoho S; dev mepiéyel FVS tufuata mou €xyouv %dn xalupbel and
TEOMNYOUUEVA GUVOAX.

Eotw 6t ta S, 52, ..., 51—1 elvar advora mou avixouy xal otn BéATiotn Adon
xoL To S) elval To Tp@dTo 6UVOAO TOU GUYAVTAUE TO omtolo avixel 0T AUoN ToU g
divel 0 ahybptbuog, byt Suws xor ot PEATLOTY. Buvendq:

L(OPT) = L(UZ; ;) + L(UI,S))
6mov S; elvon ta unéhotna oUvoha ou meptéyet 1 BéATioTn Ao,
Aqupa 2.1 Metd and | Bijuata tov adyoplfuov 1 toyUet:

L(OPT) - L(UZLS)

L(ULLS) - LUZLS) > .

JA=1,2,.k
ATnddeln. Ioyvel 6tu
L(Si—1) > L(S;),i = 2,...,k
ool étot xdvel Ty emAoyn o akyobpfuoc. To S; mou emAéyet o akybptbuog éyel:
L(S) > L(S),i=1,1+1,..k

Anhadn éxel to peyarltepo unxog and Ao ta umdhoino cUvoha Tou EYEL
Béhtiotn Adom xan dev €xel emAéel o ahybpLiuog. Luvendq:

L(OPT) < L(UiZ1S:) + KL(S)
Ioyler enlone:

L(Uj—1Si) — L(U[Z1S:) = L(S)
Ané g 800 mapandve oyéoelg:

L(OPT) — L(U;Z1 ;)
k

L(UL_18i) — L(UZ1S:) >

Aqupa 2.2 Metd and | Bijuata tov akyoplfuov 1 toyUet:

LUL18) > (1= (1= D)) EOPT), 1 =1,k

Amédell.

Oa 1o anodeiéouue ue enaywyt oto I.

Anéd v apyr) Tou meploTep®Va, Loylel 6Tt and Ta ovvola mou €xel M BéATLoTN
Abom umdpyel TouAdYLoTOV €va UE UHX0G TOUAAYLOTOY
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L(OPT)
k
To peyalitepo uRxog to €xel 10 mp®dTo 6Uvoho Tou emAéYEL 0 ahydptbuoc.
Y UVETAC:

L(OPT
L(S) > ( - )
Eotw 61t toylet yua [ — 1, dnhadt
1
L(UZi8) > (1= (1= 1) T)L(OPT)

Eyouye:

L(Uj2181) = L(UZ18i) + (L(Ui=1 5) = L(UiZ18)))
Ané to mponyoluevo AMuua toyvet:
LOPT) - LUZLS)

L(UL_,S;) > L(UZLs) +

k
1 L(OPT
S L(ULS) > DSy - 1) + HOPD
Ané my enaywywo] vndbeon:
1 1. L(OPT
L(Ui1§) 2 (1= (1= )Y LOPT)(1 = 2) + %

L(UL,8) > (1 = (1= 1)) L(OPT)

O

Ocdpnpa 2.1 O alydpifuos 1 tpéyer oe moAvwvuuixd ypdvo xar netuyalivel mpo-
oéyyion -1 = 1.58 tou mpofAfuatoc MAXIMUM LENGTH VERTEX GUARD.

Amnédegm. And to Muua nponyoluevo Muua, 6étovtag [ = k éyoupe:
k Lk
L(U;Z;18) >(1—-(1- E) )JL(OPT)

Toyter ot

1 1
li 1-1-)fhH=1-=
Mk —o00(1 — k)) -

0 époc (1 — (1 — £)¥) gbiver, ouvende:
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1 1
1—(1—2)>1-Z= 2
( k) > e>0,63

L(SOL) > (1 - %)L(OPT)

EMOUEVWS 0 ahyOpliuog TETLYALVEL TPOGEYYLOTIXG TtapdyovTa 1,11 = 1.58 Tou
npoPAfuatog MAXIMUM LENGTH VERTEX GUARD.
O

2.2 PO axeg - TAeLEES

Yy nepintwon mou €yovue QUAAXES TOU xaTAAXUBAVOUY OAGXANPES TAELEES TOU
ToAuy®vou Tt6Te To TEOPANUa ouveyilel va elvor NP-hard. Mropolue vo avdyouue
t0 TPéPANua anépaonc MINIMUM EDGE GUARD (BOUNDARY RESTRICTED) oto
MAXIMUM LENGTH EDGE GUARD 6mw¢ xdvaye otny npdtaon 2.1.

Ilpétaom 2.2 To mpdfAnua MAXIMUM LENGTH EDGE GUARD eivat NP-hard.

Evog @olaxag - mAevpd umopel vo avamaplotd éva @UAoxa Tou xiveltal amd to
éva dxpo g mAevpds oto dAho. O akydptbuog 2 mou mpooeyyilel autd To TEOPANUY
elvow mapduotog ue tov adydpliuo 1 ue tn drapopd bt unohoyilel apyixd To ahvoro
E'(e) o omoto mepthapfdvel to FVS tufiuata tou gaivovtor and tny thevpd e.

T Tov unohoytopd xdbe cuvéhov E'(e) o ahybpibuoc 2 e€etdlet Gha ta TuAaTta
FVS 6nwg autd neprypdgpetor otny evétnta 1 tou xegaiaiou 1.

Algorithm 2 MaxLegthEdgeGuards (* greedy *)

compute FVS points

for every e € E(P) do
compute E’'(e)

end for

SOL +

for i =1to k do
select e € FE that maximizes L(SOL U E'(e))
SOL < SOLU E'(e)

end for

return L(SOL)

Ocedpnpa 2.2 O alydpibuoc 2 tpéyet oe noAvwvuuixé ypévo xat meTuyalvel mpo-
oéyyion 1_11 = 1.58 tov mpoBAjuatoc MAXIMUM LENGTH EDGE GUARD.

Andéderly. Bréne Oedpnua 2.1. |
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2.3 IIoAOywvo pe TeUNES

Ta aroteréopata TV Tapaypdpuwy 2.1 xor 2.2 1oy douy xaL oTny TepinTwaon Tou To
dedouévo mohlywvo €yel TpUneg. Ye authy TNV TERINT®WON To 6UVOAD TWV XOPUPHY
TOU TOALY@AVOU TEPLAAUPAVEL KoL TLS XOPLPES TS TLS TPUTES, TO GUVOAO TWV TAEVRPKY
Tou TOAUY)VOU TepthaufBavel xot TG TAEUPES ATO TG TEUNEG XAL 1) MEPIUETPOS TOU
TOAUY®OVOU TepLAoUfBdver xar Tig TEPLUETPOUG and TLg TEUTEG.

Ta npofAijuate MAXIMUM LENGTH VERTEX GUARD xot MAXIMUM LENGTH
EDGE GUARD otnyv nepintwon nohuydvou ue tpineg etvar NP-hard xafdg n Adon
toug Ha 0dnyoloe oe Mion Twy tpofAnudtwy MINIMUM VERTEX GUARD (BOUND-
ARY RESTRICTED) xat MINIMUM EDGE GUARD (BOUNDARY RESTRICTED) avti-
oTolya o€ ToAUywva ue tpunes. O anodeilels elvat duoteg ue autég TwV TPOTAoEWY
2.1 »au 2.2

Ilpétaom 2.3 To mpdfAnua MAXIMUM LENGTH VERTEX GUARD oe noAlywva ue
tpuneg elvar NP-hard.

Ilpétaom 2.4 To mpdBAnua MAXIMUM LENGTH EDGE GUARD oe¢ moAlywva ue
tpUneg elvar NP-hard.

Ov adydpbuol 1 xar 2 umopodv va yenotuorowmboly ota npofAfjuate MAXIMUM
LENGTH VERTEX GUARD xat MAXIMUM LENGTH EDGE GUARD avtictolya yLa
ToAOYWVa UE TPUTES TETLUYALYOVTOGS TROGEYYLOTLXO TapdyovTa 1.58 wg mpog Tig avti-
otouyec BéATioteg AoeLc.

H mepintwon twv moAuydvwy e TeUneg elval evSLapépouca xaL XpXETE pEA-
Motud.  Ov tpineg unopolv va avamoptotoly eunddia Ta onolo meploptlouvy TNy
opatéTNTA oNUEl®Y Tou ToAuydvou. Emlong pag divouv tnv guxatplo tonobétnong
PUAAXWY 6TO ECHTEPLXG TOL TOALYDVOU ot Tpoxaboplouéva onuela (oTic xopuPéc
| TAEVPEC TV TPUTMY). LNUELOVOLUE ETONG TS To TROPBAAUATA 0 TOAIYwVA
ue tpUmeg elvon apxeTd mo yevixd. Evdewxtind tou teleutalou elvan mwg to npd-
BAnua MINIMUM VERTEX GUARD ot tohlywva ue tpineg elvoe logn -hard ([18]).
Anhodh dev umdpyet ahybpliuog ToALLYULULXOY Yp6VoU Tou Vo TETLuYaivel oTabepn
TEOGEYYLON YL AUTO TO TEOBANUA.



Kegdhoro 3

Kdaiudn ueyiotng allag pe £
PUANAKES

Botw éva toAdywvo P. H nepluetpog tou elvat ywetouévn ot Eéva uetadld toug da-
othuata ota onota £youy anodobei Bépn (oxfua 3.1). O otdyog elvar va xahipovue
T0 UéyLoto duvatéd Bdpog tomobetdvtag to moll k otabuoic.

3.1 ®POhoaxeg oc x0opLYES

Ye auth) ™y napdypago eEetdlovue To TpBAnua ot ToAlYwva Ywels teites. Eyouue
entong ™ duvatdtnta vo TomobeTolue PUAUXES UOVO OTLG XOPUPES TOU TOAUYHDYOU.
Oo amodei&ouue 6Tt t0 MPABANUA MAXIMUM VALUE VERTEX GUARD eivar NP-
hard avéyovtag to npéPfAnua andépaone MINIMUM VERTEX GUARD (BOUNDARY
RESTRICTED) o710 mpéfBAnua anépaonc MAXIMUM VALUE VERTEX GUARD.

IIpétaon 3.1 To mpdfAnua MAXIMUM VALUE VERTEX GUARD eivar NP-hard.

Anédely. Eotw éva ntohdywvo P xat évac aplBude k£ > 0. Auté elvan éva otryuid-
Tumo tou mpoflAfuatog andpaong MINIMUM VERTEX GUARD mou oAOXAMp@VETAL
ue Y epdTNon: Mropel va xakuglel 6An 1 tepluetpog yenotuonoudvtag To ToAs k
(UAAXEGS;

IMo va xotaoxeudoouye To oTlyptdTuno tou tpofAfuatog andpaons MAXIMUM
VALUE VERTEX GUARD, ypernotuonotodue 1o (8to tohdywvo P. Xwpilouvue v ne-
plueTtpo Tou ToAuydvou ot dtaothuata yenotuonotdvtag My FVS xataoxeun. Kdbe
Theupd Tou ToAuY@VOL Ywelletal £Tol ot un-emxaAvntéueva Staothuata. Kdabe té-
ToLo dtdoTnua emBAETETAL oV oL LOVO av elvan opatd amd uta xopupy. Avabétouue
Bépog 1 oe xdle tétoro ddotnua. Eotw T 10 cuvolwxd Bdpog. AauBdvovtag uméd-
Py 6Tt x80Be xouudTt g mEPLUETPOL Elval 0patd amd xdATOLd XOopUPY EYOUNE:
nepluetpog Tou TOAUYGVOL umopel vo xohuglel ue k @Uhaxeg av xar uévo av oTto
véo ToAUywvo ue Bdpn unopolue va tonobethoovue k @Ulaxes mov BAénouvy Bdpog
T. O

49
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Yyhuo 3.1: 'Eva mohdywvo ue Bdpn oe TUARATE TV TAELRPDY

Y1n ouvéyeta Slvouue évav ahydplbuo ToAvwyuutxol yedvou o omolog meTuyai-
vel otafepd mapdyovta npocéyylong yia to teéfAnua MAXIMUM VALUE VERTEX
GUARD.

Apywd o akybpibuog 3 urohoyilet yia xébe xopuph v € V(P) to alvoro S(v)
TRV SOTNUATOY Tou gaivovtat and TNy xopuph v. Autd umopel vo yivel moAd
gixoAo xaldeg éva TuAua QaiveTal oAOXANEO amd UL XOEUPY AV XOL UOVO oV Xl
Ta 300 dxpa Tou Qaivovtor amd TNY xopuer. Xuvendg yia xdbe xopupR apxel va
egetaotel pla popd N mepluetpog Tou moAvydvou. ‘Enetta and tov unohoyioud twv
ouvélov S(v) o akybplbuog 3 emhéyel oe xdfe Brina va tonobethoet pllaxa oTnv
x0pupn mou Tpoxahel TN ueyaiitepn ald&non Bdpoug otn Ador.

Algorithm 3 MaxValueVertexGuards (* greedy *)

for every v € V(P) do
compute S(v)

end for

SOL + 0

for i =1to k do
select v € V' that maximizes Weight(SOL U S(v))
SOL + SOLU S(v)

end for

return Weight(SOL)

Ocdpnua 3.1 O adydptbuoc 3 teéyet oe moAvwvuuixd ypévo xat mpooeyyilet Ty
BéAtioty Aoy tov mpoBAfjuatoc MAXIMUM VALUE VERTEX GUARD ue napdyovia
Tpoo€yyLons 1_% = 1.58.
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Anéderdy. Biéne Oedpnua 2.1 aArdlovtag to L pue Weight. a

Tovilouue 61t 610 TMPOBANUA Tou eEetdoaue Béhouvue yia xdbe ddotnua Tou
aviAXeL 0T AUOT Vo UTEPYEL TOVAGYLOTOY €vag pUAaxag mou To BAEmeL 0AOXANEO.
To S(v) mepéyel 1o Tufuata mou Qaivoviar oAdxhnpa and TNy xopugh v. 3to
xe@dhato 12 Oo doldue wa mopaAiayr touv mpoflAfuatog autod oTtny omola de Uag
evdlapépel xdbe didoTnua mou avixel 6T AVOT) Vo QalveTal OAOXANEO amd xdmoLo
pOAaxa. T napdderypa oto oyfua 3.2 o twiua (a, b) dev paivetor and Ty xopueh
1 oAbxinpo. Edv ouwe urdpyouy @lhaxes ot xopueés 1 xou 2 tdé1E 0AGXANEO TO
(a,b) gaivetar.

[Mopaxdtw arnodetxviouue Eva apvntixd anotéAeoua Yo To TeoBAnua MAXIMUM
VALUE VERTEX GUARD.

Ocdpnua 3.2 To mpdfAnua MAXIMUM VALUE VERTEX GUARD dev emdéyetar
FPTAS extéc av P=NP.

Anédely. Eotw 6t undpyet FPTAS yux autd to npéPfAnua. Ou anodeilovue bt
yenoronotdvtag autd to FPTAS uropolue va Aicovue o€ ToALmYLULXS YpdVo To
TpéPAnua andpacne MINIMUM VERTEX GUARD (BOUNDARY RESTRICTED).

Ac vnoBéoouue howndy bt umdpyer évac ahydptiuoc o omolog metuyalvel mpo-
oéyyion 1 —¢, Ve > 0 og moAuvwyuuixd xpdévo wg mpog tny elcodo xot to % (BX. map.
0.3.4). Anhad?h n Aior Tou pac diver elva:

SOL > (1 — €)OPT

Ac Buunfodue enione to tpbBinua andpaone MINIMUM VERTEX GUARD (BOUND-
ARY RESTRICTED): Mag divetar éva mohdywvo P xau évac axépatog k > 0. ©Of-
Aouvue v anogacioouvue av unopolue vo tomobetioovue to mohd k @Ulaxes oTig
%0pLPEG TOL TOALYGVOU Xxar va BAénouue OAn Ty Teplueted Tou.

Metaoynuatilovye autd to otyuétuno Tou tpoAfuatog MINIMUM VERTEX
GUARD o¢e otiyptétuno tou mpofhiuatoc MAXIMUM VALUE VERTEX GUARD g
ednc:

Hatpvoupe o (8o moAdywvo P xo ywpetlouue v meptuetpd tou oe O(n?)
tuhuata e ™y FVS xataoxevr. Balouye Bdpog 1 o %&b tuhua. Pwtdue: ue k
pUAaxeg Tonobetnuévoug o xopuPES ToL TOAUYKYOL Tola elvan 1 wéyLotn ala Tng
nepluétpou mou unopolue vo xaibouue; E@apudélovue 1o FPTAS ye € = ﬁ

Eotw SOL elvar 1 Adon mou pog emotpépel to FPTAS xav OPT yia Béhtiotn
Adon.

e Ay SOL = |FV S| t61e¢ OPT = |FVS|, dnhadf pe k pdhaxeg umopodue va
BAémouue OAn TNV MEPlUETPO, CUVETKDS 1 ATAVINOT 6TO TMEOBANUA andPaong
MINIMUM VERTEX GUARD elvar ‘NAT".

e Ay SOL < |FV S| —1 téte: and tny Onapn tou FPTAS woydeu:

1
L 1- PT 11— ———=)OPT L
SOL > (1 —€)OPT — ( |FVS|)O < SO
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Q
| Nox

Yyfua 3.2: To tufua (a,b) dev gailvetar oAdxhnpo and v xopuph a olte
ané TV xopueY| b

X0 Amd TNV THEATEVEW oYEoN:

1

1— ——
( |FV S|

JOPT < |FVS|—1— OPT < |[FV S|

dnhadn we k @Uhaxeg dev umopel v xahuphel 6An 1 MEPlUETPOG, GUVETRDS 1)
andvinon oto neéBAnua andpacns MINIMUM VERTEX GUARD eival ‘OXT'.

Anhadh BAérouue 6Tl yenowwonot@dvtag to FPTAS unopodue ot ypdvo
Poly(n + €) = Poly(n)

vo. Abooupe éva NP-hard mpéBAnua andgaong. Xuvendg, extég av P = NP, d¢
unopel va undpyet FPTAS ywx to mpbBinua MAXIMUM VALUE VERTEX GUARD.
O

3.2 POlaxeg - mhevpég

E&etalovue tdhpa tnv nepintwon otny onola oL lhaxeg xatohauBdvouy oAéxhneeg
TAevpéq.

IIpétaon 3.2 To MAXIMUM VALUE EDGE GUARD eivar NP-hard.

Anédeln. H anddeln elvar duola e exelvn g mpdtaonc 3.1 ue tn dwapopd bt
n avoywyh yivetaw ané to mpéPinua MINIMUM EDGE GUARD (BOUNDARY RE-
STRICTED). Kdfe mheupd tou mohuydvou ywpelletor o un-entxahuntdueve dlaoth-
pata yenowwornowdvtag ™y FVS xataoxeur. Kdabe tétolo Sidotnua emBiénetal av
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xoL uévo av elval opatd and uio mheved. Ta undhoina elvar mapduola Onwg oTNY
npbétaon 3.1. O

O alybeibuog 4 elvar magbuolog ue tov akydpliuo 2. O ahydpliuog 4 apyixd
urnoloyilet yia x&be mhevpd e o ovvoho S(e) twv daoTnudtwy Tou gaivovtat and
v e. Evog tpémog ya va ylvel autéd elvon péow tou urtoroyiouol twv FVS on-
uelwyv. Eva and to dedouéva Siaotiuata @atvetal oAOxAneo and uio TAEURE, oy Xot
u6vo av Oha T FVS Staotuata mouv avixouy oto dedouévo ddotnua emBAénovton
and v TAgupd.

Algorithm 4 MaxValueEdgeGuards (* greedy *)

compute F'VS points

for every e € E(P) do
compute E’'(e)

end for

SOL +

for i =1 to k do
select e € F that maximizes Weight(SOL U E'(e))
SOL + SOLU FE'(e)

end for

return Weight(SOL)

Ocdpnua 3.3 O adydpibuos 4 tpéyel oc moAvwvuuixd ypdvo xat mpooeyyilet Ty
BéAtioty Adon tou mpoBAfuatoc MAXIMUM VALUE EDGE GUARD ue napdyovia
TpooéyyLons = 1.58.

1—1
Arnédely. Biéne Oedpnua 2.2 aArdlovtag to L ue Weight. |

Ocodpnua 3.4 To mpdfAnua MAXIMUM VALUE EDGE GUARD dev emdéyerar FP-
TAS extéc ay P=NP.

Anédegn. H anddeln elvar buola ye v anddeén tov Hewpfuatog 3.2. Amodet-
xvbouue 6Tt dedouévou evog FPTAS yua to mpéfinua MAXIMUM VALUE EDGE
GUARD, AYvouue oe moAuwvuuxd yedévo to mpdfinua MINIMUM EDGE GUARD
(BOUNDARY RESTRICTED). O

3.3 IIoAVywva pe tplneg

Ta anotedéopata TV Tapaypdeny 3.1 xot 3.2 toydouy xat o TOAdYwva Ye TEUTEC.
H uévn dwagpopd elvor 61t 0Ny epintwon tng Tomobétnong QUAdX®Y e XopuPég, 0
Tp6TOC UTOAOYLoUOU TV GLVOAWY S(v) Yivetal uéow g FVS xataoxeufic. Aniadt
o xopupn BAEEL OAOXATPO xdTOL0 amd Ta dedouéva SLUGTAUATA oAV XL UOVO oY
BAéner 6ha T FVS Sraothuata mou avixouy oe autd. Xuvendg:
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Ilpétaom 3.3 To mpdfAnua MAXIMUM VALUE VERTEX GUARD oe nmoAlywva ue
toUneg eivar NP-hard

Amnédegn. Bréne npdtaom 3.1. O

Ilpétaom 3.4 To mpdBAnua MAXIMUM VALUE EDGE GUARD o¢ moAlywva ue
toUneg elvar NP-hard

Anddely. Biéne npdtaon 3.2 i
Ou ahybptBuor 3 xon 4 unopoly va ypnoiwonowmboly xat 6Tny TeEpInT®ON 1oL TA
ToAUywva €youv TeUTEg TeTuyalvovTag Tov (dLlo TeooEYYLoTIXS TapdyovTa.

3.4 Enifiedn (pepuer xdhudn)

M evdagpépovoa mapahhayh Twv TEoPANUdTeY Twv Tagayedpwy 3.1 - 3.3 elvon
n e€hc: pog evdagépel uovo 1 eniBAedn Twv StaotTnudTmy and PvAaxec xow Ot M
thiene xdAudh toug. Ouuilovue bt éva TuRua emBAEnETAL and Eva onuelo, av éva
vrotuiua Tou Qatveton and to onueto. H évvola tng enifBredng, extdg and yprowun
oty meptypaph ™ WidTTag twv FVS tunudtoy, elvatr evdiapépovoa xabdg véeg
PEAALOTIXEG EPUPUOYES TROXUTTOLY.

Ye mohdywva Ye N ywels TeUTES Aoy, Loyvouy:

ITgétaon 3.5 To MAXIMUM VALUE VERTEX GUARD (watching version) elvau
NP-hard.

Arnédedy. Bréne mpdtaon 3.1 a

IIpétaon 3.6 To MAXIMUM VALUE EDGE GUARD (watching version) elvar NP-
hard.

Amnédegm. Biéne npdtaon 3.2 i

Algorithm 5 MaxValueVertexGuards (watching) (* greedy *)

compute FVS points

for every v € V(P) do
compute R(v)

end for

SOL + 0

for :=1to k do
select v € V' that maximizes Weight (SOL U R(v))
SOL <+~ SOL U R(v)

end for

return Weight(SOL)
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Algorithm 6 MaxValueEdgeGuards (watching) (* greedy *)

compute FVS points

for every e € E(P) do
compute R(e)

end for

SOL +

for i =1to k do
select e € F that maximizes Weight(SOL U R(e))
SOL + SOLU R(e)

end for

return Weight(SOL)

Ou ahybptBuor 5 xau 6 elvan tapduotor ye toug 3 o 4, ye ) Stapopd 6TL Yo
T0v unoloytoud twv cuvéiwyv R(v) xaw R(e) xdvovue ta e&hc:

Xpnotuornototue Ty FVS xataoxeun. Eva Sedouévo didotnua (a, b) emBrénetar
and UL xopuEn, oy xat wovo oy Toukdytotov éva and to FVS Staothuata mou avixet
oo (a,b) emPrénetal and v xopupy. Enlong to (a,b) emPBréneta and wia tAevpd
e av éoto éva and ta FVS dwothuata mou avixouy oty (a,b) emPrénetar and v
e.

Me Bdom ta toapandve o utohoytouds Twv ouvérwy R(v) xou R(e) e€etdlel tny
nepluetpo yia xdle v xou e avtiotoya.

Ocdpnua 3.5 O adydpibuoc 5 tpéyer oe toAvwvuuixé ypdvo xar mpooeyyilet Ty
Pértioty Adon touv mpofAfuatoc MAXIMUM VALUE VERTEX GUARD (watching
version) ue napdyovia mpooEyyLons 1?1_— = 1.58.

Am6deln. Bhéne Oedpnua 3.1 O

Ocdpnua 3.6 O adydpibuoc 6 tpéyel oc moAvwvuuixd ypdvo xai mpooeyyilet Ty
BéAtioty Adon tou mpofAfjuatoc MAXIMUM VALUE EDGE GUARD (watching ver-
sion) ue mapdyovta mpooEyyLons 1_% = 1.58.

Arédedy. Biéne Oedpnua 3.3 O

Abyo tng WidtTag mou éyouy ta FVS tufuata va nepuppoupolvtat av xat ubévo
av emPBAénovral, uropolue vo arodet&ouue bt ue Tov (dto TpdTo Tou arodeiaue To
Oedpnua 3.2 anodetxvieTat:

Ocedpnua 3.7 To npdfAnua MAXIMUM VALUE VERTEX/EDGE GUARD (watching
version) dev emdéyetar FPTAS extéc av P=NP.



26

KE®PAANAIO 3. KAAYVYH MEI'IYTHY, AZIAY



Kegdioro 4

BéAtiotn TonobEtnoy guAdxwmy
UL EQYWV TEYVNS

E&etalovue tdpa Lo véa nopahAayt Tou teoAiuatog tou xepaiatov 3. Alvetal to
ToAbYwvo P xat évo oUvoho Stactnudtey pe uhxn xat Béen. Anladh n nepluetpog
tou P dev elvon xotoxepuatiouévn. Me dhha Adylo ta Staotiuata dev elval Tomo-
Betnuéva oty mepluetpo. Evag emniéov otdyog exclvwy g mapaypdpou 3.1 elvat
XOL O XATAXEQUATIONOG TNG TEPLUETPOU 1) kAl M) Ttomobétnon twv duotnudtwy
OTNV TEPIUETRO.

4.1 PONaxeg o ®OPLPES
Yav ouvénela g TpoTaons 3.1 tou xepaialov 3 LoyveL:

Ilpétaom 4.1 To MAXIMUM VALUE VERTEX GUARD WITH PAINTING PLACE-
MENT elvar NP-hard.

Mapaxdtw @atvetar o ahydpibuog 7 mou mpooeyyilel To mpbBAnua MAXIMUM
VALUE VERTEX GUARD WITH PAINTING PLACEMENT.

Ytov alybpluo 7 yenowwonotolue to mpéBinua MULTIPLE KNAPSACK mou
gépouue 6Tt elvor NP-hard.

Elvoar yvwotd 6t undpyer mtohvwvuuixol ypdvou alyodpetbuog mou npooeyyilet
10 Tp6PBAnua MULTIPLE KNAPSACK ye napdyovia npocéyytone 2 ([47]). Méhiota
éxet anodelybel To emduevo Hedenuo:

Ocdpnua 4.1 [8] Yrdpyet PTAS yia to npdfAnua MULTIPLE KNAPSACK.

O ahybpibuog 7 dovkever we e€fc: apytxd unohoyilet ta FVS onuela tou mohu-
yYdvou péow e FVS xataoxeuic. And autd unohoyilet yia x&0e xopugh v € V(P)
10 ovvoho E'(v) tov tunudtev FVS tou elvon opatd and vy xopuph v. Xto xu-
plwg uépog tou, xataoxevdlel yio xdbe xopupr otny omola dev €xet TomobetnOel
ax6un Ulaxag, éva ovvoro and tufuata E'(v) — SOL N E'(v). To tufuate autd

o7
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Algorithm 7 MaxValueVertexGuardWithPaintingPlacement (* greedy *)

compute FVS points

for every v € V(P) do
compute E'(v)

end for

SOL «+ 0

for i =1to k do
select v € V' that maximizes W (multknap(E'(v) — SOLN E'(v), D))
updateD

end for

return W (SOL)

elvat Tor TwARATH Tou Qalvovtor and MY xopupn v ueloy To TUAUATA EXElVR OTA
omola €youv 181 tonoletndel nivaxeg. Koatdmy nalpver autd to clvoro tunudtwy
ue o whxn toug wall ye to ovvoro Twv mvdxwy D mou dev €xyouv axdua tomo-
Betnbel xow Advel To mpéBAnua MULTIPLE KNAPSACK. Anladt Oewpel o olvoho
E'(v) — SOLN E'(v) éva 6GVOAO GAXGY UE YWPNTXGTNTES TA UAXY) TOUG XL TOTO-
Oetel 6’ autolc 600 peyalitepo ouvohxd Bdpog and nivaxeg unopel. And dheg tig
xopupég emAéyel exelvn yia v onola Tormobetodvtal otny Tepluetpo oL mivaxeg ue
To peyohitepo ouvolxd Bdpog. Iapatnpolue 6Tt 1 Tomobétnon @haxa ue autdy
ToV Tp6TO TpoXaAel Ut ad€non otn cuvoluxy Abom xoatd évay tapdyovta 1 — € g
uéytotne duvathg al&nong, Aoyw tov PTAS tou MULTIPLE KNAPSACK. H Adon
SOL, dnhadh to olvoho Twv TuNUdTRY Ue Toug NdN tomobetnuévoug mivaxeg, ou-
Eaver e v tomobétnon Ty VEwy mvaxemy 6mwg autd yivetal and TN Adon tou
npoPAfuatoc MULTIPLE KNAPSACK.

Toviloupe 6Tt 67t0 oivoro SOL dev npootifevtan ta tufuata E'(v) nou PAénet n
%x0puPR v ah& tpootifevtar wévo o utotufuata Ty E'(v) tou xatahauBdvouy o
nivaxeg mou tonobetel To MULTIPLE KNAPSACK. O Adyog Yl Tov onolo 1 adénon
Tou ouvérou SOL yivetan ye autdy ToV TR6TO, Paivetal oto oyfua 4.1.

A unoBécovue 6TL oY x0puYY 1 €xel BB Tomobetndel plhaxag and tov ak-
Ybpbuo 7 o mponyoluevo Biua. Eotw 6t évag mivaxag mou elye tonobetnfel o
exelvo 1o Pua ftav avtéc mou gaivetor va xakirtel to FVS tufua (a,b) xa Aiyo
and to tuhua (b,c). Edv téte eiye npootebel ot Mdon ohdxknpo to tudua (b,c),
t61e and v xopuyt| 2 dev Oa uropoloe va paivetar tomobetnuévog o mivaxag Tou
xohimter to tudua (¢,d) xat AMyo anéd to (b,c). Me dhha Aéyia, o véar TUAUOTY
mou Qatvovtatl and v xopuet| 2 Ha urohoyilovtay Aydtepa, ywplc Adyo.

Télog o alybplfuog evnuepdver to olvoro TtV mvdxwy D, dnhadh agpatpel
exelvoug Toug mlvaxeg mou TomobeTHOnxay.

Ou anodet&ovue tdpa Tt 0 ahydplbuos 7 npooeyyilel to TEdBANUa MAXIMUM
VALUE VERTEX GUARD WITH PAINTING PLACEMENT xotd éva otafepd npooey-
YLoTIX6 TapdyovTa.

Eotw OPT 1 ocuAloyh twv ouvdrwy TV Tvdxwy ot Ui BEATLoTn Adon xou
SOL 7 ovhhoy# twv mvdxwy tou pog enéotpede o alybplfuoc. Eotw W(OPT)
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Yyfua 4.1:

xat W(SOL) ot a&ieg twv mvdxny s BéAtiotng Miong xat g Aiorng tou akybptd-
uou avtiotoiya. 'Eotw P; 10 i-00Td 0UvoA0o TV TYAXWY TOU EMAEYETAL ATO TOV
ahyo6ptbuo oto Bua i. Ocwpolue 6T

W(P;) = W (Ul P) — W(U 2, Pry)

Anhadi 61t to olvoro P; dev mepiéyet nivaxeg mou €xouy Ndn xaluphel o mpon-

yolueva Biuata.
Av P/ elvar to olvolo ye ) péytotn adio oto PAua i, toyler 6t

W (P;) > oW (P;)

AnAodh oto Bua i, o xéufog ¢ mou emAéyetal and tov adydpliuo umopel va
unv BAénel ) péyrotn duvath allo and toug mivaxeg mou €youv anouelvel, BAémet
ouwg olyovpa éva xAdouo authg Tou eaptdtal and TNy tpocéyyion tou MULTIPLE
KNAPSACK(L).

Afppa 4.1 Metd and | Briuata tov adyoplfuov 7 oyiet:

— « —
W(ULLP) - W(UZLR) 2 Z(W(OPT) - W(UZIR), L= 1,2,...k



60 KE®PAAAIO 4. PYAAKEY KAI EPI'A TEXNHY

Anédely. H odla twv mvixwyv mou dev €youv xahugpbel and ta | — 1 odvola
Tou akyoptbuou, xaAdmteton and ta k ovvoda tou OPT. Yuvends cOUQwva UE
™y apyf Tou TEpLoTERGYA, xdToto and o ovvoha tou OPT (diagopetixd and ta
Pii=1,..,1 —1), 0o npéner va xahdmter aflo TouNdyLoTOY:

W (OPT) - W(UiZ1P,)
k

To W (P/) mou elvan 1o enduevo otnv axoloubia e hong tou akybptbuou, xo-
Admter ) peyaidtepn Suvaty ala and toug mivaxeg mou €youv anoueivel, GLVETHG:

W(OPT) — W(U_{ P)

W(P) >
(P) > -

Ioydet entomng:
W (Ul P) — W(UZIP) = W(P) > oW (F))
YUVETRC:

W (Ui B) — W(UZIR) > £ (W(OPT) - W(ULZ{P)

Afppa 4.2 Metd and | Briuata tov adyoplGuov 7 toyvet:
W(UioiP) 2 (1= (1 = DIW(OPT), 1 =1,...

Anédedy.
Oa 1o anodeiéovue e enaywyr oto I.
To mpdto obvoro nov emhéyel o ahybpibuog éxel a&ia W(P;). Ioyleu:

W(P1) > oW (P})

To W(P]) éyet tn péytotn duvath adla and 1o odvoha nov emhéyer o OPT.
YUVETHES amd TNV apyY) TOU MEPLOTEPG VA

a
W (P > -
(P)) > —— > 7

W (OPT)
Eotw 61t toylet yua [ — 1, dnhadt

2)=HWw (OPT)

W(UZIP) > (1 (1 ¢

Eyouue:
W (Ui P) = W(UZLR) + (W (Ui P) = W(UiZ1 )

Ané 1o nponyoluevo Muua toylet:
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WU P) 2 W(ULER) + 7 (W(OPT) = W(ULIR)) =

(67

W(UisP2) 2 W(UZIR)(1 - o

) + %W(OPT)

Ané v enaywywo] undbeon:

D hHw(oPT)(1 -

(67

k)+2WqOPT)ﬁ

WU P) > (1—(1- k

W(UiiP) > (1- (1= 3))W(OPT)

Ocdpnua 4.2 O akydptbuos 7 tpéyet oc noAvwvvuixs ypévo xatr metuyalver mpo-
oéyyion ﬁ— via 10 mpdfBAnuae MAXIMUM VALUE VERTEX GUARD WITH PAINT-

ING PLACEMENT, drou é 0 TPOOEYYLOTIXGS mapdyovtag Tou MULTIPLE KNAP-
SACK.

Arnédedy. And to mponyoluevo Muua, Oétovtag I = k éyouue:

W(UE,P) > (1 - (1 - 5 )W(OPT)

k
Ioyve 6Tu:
limg_0o(1 — (1 — E) )=1- e
0 époc (1 — (1 — 9)F) gbiver, ouvendc:
«a 1
1-(1-2)f>1-=
(1-2F>1-
Gpa
1
W(SOL) > (1 — e—a)W(OPT)

1
1—L-
Unapéng PTAS yuw to mpéBAnua MULTIPLE KNAPSACK, 10 @ — 1 %ot ouvendg
— — 1.58. O

e

Anhadf o ahybpLBuog npooeyyilel To TRéBANU Ue TapdyovTa Adyw g
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Algorithm 8 MaxValueEdgeGuardWithPaintingPlacement (* greedy *)

compute FVS points

for every e € E(P) do
compute E'(e)

end for

SOL «+ 0

for i =1to k do
select e € F that maximizes W (multknap(E'(e) — SOLN E'(e), D))
updateD

end for

return W (SOL)

4.2 PONaxeg - TAsLEES

Yav ouvéneta g TpdTaons 3.2 Tou xepalatov 3 LoyveL:

Ilp6taom 4.2 To MAXIMUM VALUE EDGE GUARD WITH PAINTING PLACEMENT
elvat NP-hard.

Mapaxdtw patvetor o adybplBuoc 8 o omolog npooeyyilet to mpdéPAnua MAXI-
MUM VALUE EDGE GUARD WITH PAINTING PLACEMENT.
[Mapbuora howndv ue to Hedpnua 4.2 Loy veL:

Ocdpnua 4.3 O adydpibuoc 8 tpéyel oe moAvwvuuixd ypdvo xar neTuyalvel mpo-
oéyyion 1.58 yia to npdBAnua MAXIMUM VALUE EDGE GUARD WITH PAINTING
PLACEMENT.

4.3 IIoAOywva pe TeURES
[Mapéuoia anoteléouata Loy louy xat oTNV TEPTTWOT TOALYBVKLY UE TpUneg. Ot ak-

YopLbuoL 7 xat 8 umopoly va EQUEUOGTOUY Xl OE TOADY WV UE TPUTES TETUYAlVOVTOG
v Bl tpocéyyion.
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KdAudn yéyiotouv prixoug pe
OpLO %XOGTOUG TTOUTOOEXTMV

5.1 Iloynodéxteg o x0pLUYES

Eotw éva tohdywvo P ywels tpineg xat évag apludég B > 0. Kdbe xopuepn v;
Tou P éxet éva x60t0¢ ¢;. Ofhoupe vo Tono0eTHOOVUE PUAAXES OTLS XOPUPES TOU
TOALY®YOU €TOL OOTE:

® > ¢ TV xopuPAY Tou €youv @UAaxa va etvar < B

e To ufxog g mepuétpou Tou ToALYGVOL ToU QaiveTal and Toug QUAAXES Vo
elva péytoto.

Auth n nepintwon elvar yevixeuon e nepintwong érov xébe x6uPog €xel x60T0¢G
1 v onola e&etdoaue 10 XEPIAALO 2.

Ilpétaom 5.1 To npdBinua BUDGETED MAXIMUM LENGTH VERTEX GUARD e&l-
vat NP-hard.

Arnédedy. Eivar yevixeuorn tou npofhjuatoc MAXIMUM LENGTH VERTEX GUARD
t0 onoto elvar NP-hard (BA. xe@ 2 npdtaon 2.1). O

O alybptBuog 1 nou ddoaue 610 xeQ. 2 Yo To TEdBANuUae MAXIMUM LENGTH
VERTEX GUARD 6nw¢ aivetat ebxoha dev odnyel avayxaotixd oe ebpeon npocey-
yiotxhc Adong ue otabepd tapdyovta. Alvouue howndy edd €va véo ahydplbuo mou
netuyaivel otabepd mpooeyyLoTiNd topdyovta yia To npéBAnua BUDGETED MAXI-
MUM LENGTH VERTEX GUARD.

O mpoxatapxtixol utoAoylouol elvar (SLol dTwg xat otov akydpelbuo 1 Tou xeg.
2. Anhad?| xataxepuoatiCouue TNV TERIUETPO TOU TOALYMDVOU XPNOLUOTOLOVTAS TNV
FVS xataoxeuf; xou utohoyilovue ta olvoha E'(v) yia xébe v € V(P). O véog
autédg greedy alydpbuog oe xdbe Briwo emhéyel pa xopupR ooy utodmipLa yia Tnv
tonofétnon @lhaxa. To xpithplo ue To onolo emAéyeL TNV xopuP elval 1 UEYLOTO-
Toinoyn Tou Adyou Tou UHXOUG TOU XoLVOUPLOL UEEOUG TNG MEPLUETPOU TOU (QaivETAL

63
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amd AUTHY TNV XOPUPT TEOG TO xO0TOG NS xopLPHc. Edv autd to xdoTog unopet va
xohu@Oel and tov dedouévo mpolnoloyioud, téte o akydplfuog Tomobetel pvAaxa
oty xopueh. Xe avtifetn neplntwon n xopup aroppintetor. Me autdv Tov TpdTO
egetdlovtan plo - ploe GAEC OL XOPUPES TOU TOAVYHDYOL.

Téhog o alydpLiuog 9 ouyxplvel To cuvokixd uixog mou @aiveton ue Bdomn Tig
emthoyég mou €xeL xdveL e To YEYLOTO UiX0g Tou unopel va palvetol and UL xopuen
X0l EMOTREPEL gay AUOT TO UEYAAVTERO amd autd T dvo.

Algorithm 9 BudgetedMaxLegthVertexGuards (* greedy *)
compute FVS points
for every v € V(P) do
compute E’'(v)
end for
SOL + )
G+ 0
Cror + 0
M«V
repeat
select v; € V that maximizes
if CTOT =+ c; S B then
G+ GU El(’l)i)
Cror <+ Cror + ¢
end if
M+~ M — {Uz}
until M = ()
select v, € V' that maximizes L(E'(v;))
if L(G) > L(E'(v;)) then
SOL + G
else
SOL < E'(v;)
end if
return L(SOL)

L(GUE'(v;))

C;

[Mopaxdtw anodetxviouue 6Tt 0 ahybpLiuog 9 Teéyel 68 TOALVWYLULXS YPOVO Xal
netuyaivel otadepd npooeyyloTind nopdyovta Yo To npéBAnue BUDGETED MAXI-
MUM LENGTH VERTEX GUARD.

Eotw OPT 1 oulloyh twv cuvohwy tev tunudtewy FVS mou avixouv ot
Bértiotn Adom xaw SOL 1 ouhhoy1 mov poc enéotpede o ahybptbuoc 9. Eotw r o
apBude Twv emavoariPewy mou exteAéoTnay 0TOY akydpliuo uéyel Tou To TMEWMTO
obvolo S and ) ouAhoyh) OPT eugaviotnxe adld dev npoatédnxe otn SOL yratl
n npbofect) Tou HBa odnyoloe oe xboTOC PeYARITERO TOU B. Oewpolue:

L(Sk) = L(UF_,8;) — L(UFLS)



5.1. IIOMIIOAEKTEY. ¥E KOPY®EXY 65

Anhodh to obvolo Sy dev mepéyel tuydy TuRUaTa mou €youue NN xohVeEL.
Mepuég popéc yia euxolio xaholue x60T0g €VOG GUVOROU UE TUNUATA TO XHCTOG
NG x0opuPNg mou Tt PAETEL.

Aqupa 5.1 Metd and | Bijuata tov adyopibuov 9 toylet:

~ C _
L(UL ) ~ LUZLS) > S LOPT) - LUZS)
An68elly. T x40e obvoro Sy € OPT — ULZLS; woyte 6t

L(Sk) o L(S1)
c,

10 06UV %66T0¢ TwWY GUVEA®Y 610 OPT —U'ZLS; eivar 1o moAG B. To cuvolixd
UAXO0G TWY TUNUATKY Tou avixouy ata cvvora OPT — Ué;}Si elva:

L(Uf_ )

6mou S! elvan T aOvoha Tou avixouvy oty Béltiotn Aion. Agol howtdy

L(Sp) _ L(S)
Cm - C]
Lo VeL:
L(S L(S L(S L(S,
L(Uéc:msz{) <ctm ( l) + Cm+41 ( l) + o Ok ( l) <B ( l)
a q C] C
GUVETOC

L(S1)
c

L(OPT) - L(U_15;) < B
oy Vet entong
L(Ui—y ;) — L(UiZ1Si) = L(S)

EMOUEVWG:

_ C,
L(UL_,S;) — L(UiZEsy) > =

> Z(L(OPT) - L(UZ}55)

Adupa 5.2 Metd and | Biuata tov akyoplfuov 9 toylet:

l
L(UL8) > (1 - [[(1 - Z)LOPT)
k=1
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Anédely. Oo 1o anodellovue ue emaywyq oto I. Apywxd amodetxviouue bt

UTdpYEL TOUAAYLOTOV €val GUVOAO TOu oTtolou 0 AdYog TOU UNXOUG TV TUNUATKV
. ; . L(OPT)

TOV TPOG TO XHGTOG TOU Elval TOLAAYLOTOY ——F5— .

To napandvew toylet, dbtt av urnofécouvue nws dev toylet, téte T0 GUVOAXS

uixog TV TUNUATLY Tou avixouv otn BéAtiotn Abor elval:

L(U!_,8:) < L(S1) + ... + L(S) =

L(S1) v ode L(S;)
01 .ee t ct

1

xat Aoy tne unbheomns Tou xAvoyE:

(51)+ oy (St) <
C1 Ct
JHOPD) | HOPT) L 1OPD) 0

dnhadt
L(U_,S;) < L(OPT)
ATOIIO. Yuvendg undpyet TouAdylotov éva 6Uvoho ue Adyo uhixoug mtpog x6oTog

TOUAQYLOTOV @. To mpdto oUvoho Tov emAéyet 0 ahybplbuog el To UEYLoTO
AOY0 WAx0Ug TPOG XGOTOG, CUVETAG:

C1

L(s) > 2 L(oPT)

€otw OTL Loylel v [ — 1, dnhadi:

c
L(UiZis) > (- [[ (- Z)I(OPT)
€Y OLUE:
L(Ui_18i) = L(UZ18i) + (L(Ui-1 5) = L(UiZ18)))
and To MEONYOUUEVO Afuu:

LU, Si) > LUZLS) + (L(OPT) — L(UZLS)) —

B
LU, 8) > LUZLS) (1 - 3) + SL(OPT)
and v enaywywx vtébeon:
s c c c
L(U_,8:) > (1- k1:[1(1 ~ Z)LOPT)(1 - 3) + L L(OPT) —
l
L(U_,8;) - [Ia-=))LoPT)

k=1
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Ocedpnpa 5.1 O alydpibuoc 9 tpéyet oe noAvwvuuixé ypévo xat netuyaivel mpo-
oéyyion 21 = 3.16 yia to mpdfinua BUDGETED MAXIMUM LENGTH VERTEX

GUARD.

Anédedyn. And to mponyoluevo AMuua Loy Vet

+1

LUS) = (1= [ (1 - ) L(OPT)
k=1
I+1 ¢ I+1
> (1- [[Q - =5—))L(OPT),a¢0) c; > B
k=1 2 iz Ci i=1

H ouvdptnon

6mov > i 1 a; = A éyel minimum 6tay a1 = ag = ... = ap = %. YUVETRC
1 1
— )Y L(OPT) > (1 — =)L(OPT)

Hlgy>(1-(1—
LS 2 (- (1 - = -

toylel L(Siy1) < L(St), agol to L(S;) elvar to péyloto uAxog nov uropel va det
uLa xopu gt dpo

(U180 + L(S1) > LU, 81) + E(Si1) > (1~ DL(OPT)

ouvendg wia and tic dbo nosbtnteg L(UL_;S;) # L(S;) elvon peyahitepn 7 tom tou

1 1

—(1—--)L(OPT

S(1— )L(OPT)
Emouévig o ahyoptbuog mpooeyyilel 1o mpdfAnua metuyaivovtag mapdyovto

1 = 3.16.

€ O

5.2 Ilopmodéxteg - TAELEES

H nepintworn tomobétnone guhdxwy oe axuéc elval yevixeuon tou mpoPBijuatog
MAXIMUM LENGTH EDGE GUARD mou e€etdoaue oTny nopdypapo 2.2 Tou xe@. 2.

Ilp6taom 5.2 To npdfAnua BUDGETED MAXIMUM LENGTH EDGE GUARD eivat
NP-hard.

An6den. H nepintwon 6mouv xébe xopuph éxel x6otog 1 elvar NP-hard (BA. xeq.
2 mpéraon 2.2). O
O ahydpihuog 10 mou npooeyyilel To npéBinua BUDGETED MAXIMUM LENGTH
EDGE GUARD apyxd vrohoyiler ta odvora E'(e) v x&be e énwg axpds otnv
mapdypago 2.2 tou xep. 2. To xuplwg uépog Tou elvar mapduolo ue exelvo Tou
ahyoplOuov 9 ue ) drapopd 6Tt Thpa oL pUAaxeg TonobfetolvTat o TAeUEES.
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Algorithm 10 BudgetedMaxLegthEdgeGuards (* greedy *)
compute FVS points
for every e € E(P) do
compute E'(e)
end for
SOL ()
G+ 0
Cror <0
M+ FE
repeat
select e; € E that maximizes
if Cror + ¢; < B then
G+ GU E'(ei)
Cror <+ Cror + ¢
end if
M+~ M — {61}
until M = ()
select e; € FE that maximizes L(e;)
if L(G) > L(e;) then
SOL + G
else
SOL «+ {e:}
end if
return L(SOL)

L(GUE!(e;))

?
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Ocedpnpa 5.2 O adydpifuos 10 tpéyel oe noAvwyvuixs ypdvo xat netuyalvet mpo-
ofyyion 2x = 3.16 yiwe to mpdfAque BUDGETED MAXIMUM LENGTH EDGE

GUARD.

5.3 IIoAVywva pe tplneg

Ta anoteAéoyata TV Tapaypdpwy 5.1 xat 5.2 toydouy xat TNy TERITTWOT TOAU-
YOVOY UE TRUTES.

Ilpétaom 5.3 To mpdfAnua BUDGETED MAXIMUM LENGTH VERTEX GUARD o¢
roAUywva ue tpunes eivar NP-hard.

Ilpétaom 5.4 To mpdfAnua BUDGETED MAXIMUM LENGTH EDGE GUARD eivat
NP-hard.

Ov akydpibuor 9 xar 10 uropolv va yenotuoromboldy ota npofAfuata Tou ago-
POVY TOAOYWVA UE TEUTEG TETLYALVOVTAG THEAYOVTA 1_21 = 3.16.

[ pra oulTnon oyxetxd e To evdLapépoy mou éxéuv T TOAOYWV UE TPUTES
ota ouyxexpluéva tpofAfuata BA. xe@ 2 map. 2.3.
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Kegdhoro 6

Kdivdn péyiotng alag ne 6pLo
%OOTOLS TOUTOOEXTAV

6.1 Iloymodéxteg o x0pLUYES

Eotw éva mtohlbywvo P xa évag aptBués B > 0. H mepiyetpog tou P elvat yo-
plouévn oe Eéva uetadl Ttoug Swaothuata ota onola €youv arodobel Bapn. Kdbe
xopuen v; Tou P éyel éva xéotog ¢;. Oélouue va tomobetioouue QUAAXES OTLG
X0PUPES TOU TOAUYWYOL £TOL DOTE:

® > ¢ TwY x0puPAY Tou €youv UAaxa va elvar < B

4 z 7 ’ 7 /7
e To cuvohixd Bdpog TV BAGTNUETKOY TOU Qalvovial and Toug QUAAXES vV
elvar péyioto.

Auté to TpbBAnua elvat yevixevon tou tpofiiuatog MAXIMUM VALUE VERTEX
GUARD nou e€etdoaue 610 xe@dhato 3.

Ilpétaom 6.1 To mpdBAnua BUDGETED MAXIMUM VALUE VERTEX GUARD elvat
NP-hard.

Amnédegn. Eivar yevixevon tou npofAfuatog MAXIMUM VALUE VERTEX GUARD
10 onoto elvar NP-hard (B\. xeq. 3, npbtaon 3.1) O

O ahyébpuog 3 mou ddoaue yia To TEOBAnUa MAXIMUM VALUE VERTEX
GUARD o7o xe@dlowo 3, galvetat €0xola mwg dev odnyel avayxaotixd o€ edpeom
Tpooeyytotig Aiong ue otabepd mapdyovia Tou mpoBijuatoc BUDGETED MAX-
IMUM VALUE VERTEX GUARD.

O véog alybpLiuog mou divouue €3¢ v to TPéPANue BUDGETED MAXIMUM
VALUE VERTEX GUARD éyel Toug (3Loug TpoxatapxTixols UTOAOYLOUOUG UE TOV
aly6plfuo 3 tou xep. 3 (umoloytoud twv cuvéhwy S(v)). Xto undhoiro pépog Tou
elvow mapduolog ue tov akyobptbuo 9 tou xe@. 5 ue ) dtapopd 6Tl avti yra L tdpa
¢xovue Weight.
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Algorithm 11 BudgetedMaxValueVertexGuards (* greedy *)

for every v € V(P) do
compute S(v)
end for
SOL + 0
G+ 0
Cror + 0
MV
repeat
select v; € V that maximizes
if CTOT + ¢ S B then
G+ GUS(v)
Cror <+ Cror + ¢
end if
M+ M — {’U,}
until M =0
select v; € V' that maximizes W (S (v;))
if W(G) > W (S(v)) then
SOL + G
else
SOL « S(v)
end if
return W (SOL)

W(GUS (v:))

C;
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Ouuilovue 61t 010 clvoro S(v) avixouv exeiva ta dedouéva daothuata, To
omola galvovtar oAdxAnpa and v xopuph v. Do yia meptypapy Tou akyoplbuou
11 deg akydpifuo 9 tou xep. 5 Balovtag avti yia uixog to Bdpog.

Ocedpnua 6.1 O adydpifuos 11 tpéyet oe moAvwyvuixé ypdvo xar metuyalivet mpo-
o€yytion 1_% = 3.16 yix 10 mpdBAnua BUDGETED MAXIMUM VALUE VERTEX

GUARD.

Anédedn. Biéne anddeln bewpiuatog 5.1, aArdlovtag to Length ue Weight. O

6.2 Iloumodéxteg - mTAcLpES

To mpéfAnuo BUDGETED MAXIMUM VALUE EDGE GUARD elvat yevixeuon Ttou
npoPAfuatog MAXIMUM VALUE EDGE GUARD tou xe@. 3.

Ilp6taom 6.2 To mpdfAnua BUDGETED MAXIMUM VALUE EDGE GUARD eivat
NP-hard.

Anédedy. H nepintwon énov xébe mhevpd €xet xbotog 1 eivar NP-hard (BA. xeq.
3 npbaon 3.2). O
O alybpLhuog 12 mou metuyalver TopdyovTa TPOCEYYLONG 1_% = 3.16 elvon ma-

POUOLOG UE TOV TPOTNYOVUEVO.

6.3 IloAOywva pe tpUneg

[Magbuoa aroteAéoyata LoYVOUY O TOADYWVA UE TPUTES OTA OTOlo UmOEOvY va
e@apuootoly ol (dtot akydplfuot. Ilpogavde 1o npéfAnuo BUDGETED MAXIMUM
VALUE VERTEX/EDGE GUARD dev emdéyetor FPTAS Abyw tou Bewphuatog 3.2
TOoU XEQ. 3.

6.4 Mepuxn) xdAudn

Avdloya anotehéopata €YOUUE XL OTNV TERITTWOY OV 0 6X0Tmdg elvan 1 emiBAedn
avtl TG xdAuPng Ty StaoTNUdTWY.

Ilpétaom 6.3 To BUDGETED MAXIMUM VALUE VERTEX/EDGE GUARD (watch-
ing version) elvat NP-hard.

Arnéderdy. Biéne xeq. 3 mpdtaon 3.1 xou npdtaon 3.2. |

O npooeyylotixol ahybptbuot 13 xou 14 elvon TapbuoLol ue Toug Tponyovuevoug
XENOLWOTOLOVTAG TOUG TROXATAEXTLXO0US UTOAOYLOUOUS TV adyoplBuwy 5 ot 6 Tou
xeQ. 3.

Ta anoteAéopata auTd LoYVOUY XL OE TOAYYWYA UE TRUTES.

Abyw Tou Bewpiuatog 3.2tou xep. 3, ta mpoPAfjuata BUDGETED MAXIMUM
VALUE VERTEX/EDGE GUARD (watching version) dev emdéyovtor FPTAS.
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Algorithm 12 BudgetedMaxValueEdgeGuards (* greedy *)
compute FVS points
for every e € E(P) do
compute S(e)
end for
SOL ()
G0
Cror + 0
M + E)
repeat
select e; € E that maximizes
if Cror + ¢; < B then
G+ GUS(e;)
Cror <+ Cror + ¢
end if
M+~ M — {61}
until M = ()
select e; € E that maximizes W (S(e;))
if W(G) > W(S(e;)) then
SOL + G
else
SOL + S(e)
end if
return W (SOL)

W(GUS(ex))

(]




6.4. MEPIKH KAAYVH

Algorithm 13 BudgetedMaxValueVertexGuards (watching) (* greedy *)

compute FVS points

for every v € V(P) do
compute R(v)

end for

SOL + ()

G+ 0

Cror + 0

MV

repeat
select v; € V that maximizes
if Cror + ¢; < B then

G+~ GU R(’Uz)
Cror < Cror + ¢

end if
M +— M — {UZ}

until M =0

select e; € F that maximizes W (R(v;))

if W(G) > W(R(v;)) then
SOL «+— G

else
SOL < R(v)

end if

return W(SOL)

W (GUR(v;))

1
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Algorithm 14 BudgetedMaxValueEdgeGuards (watching) (* greedy *)
compute FVS points
for every e € E(P) do
compute R(e)
end for
SOL ()
G0
Cror + 0
M+ FE
repeat
select e; € E that maximizes
if Cror + ¢; < B then
G+ GU R(ez)
Cror <+ Cror + ¢
end if
M+~ M — {61}
until M = ()
select e; € E that maximizes W (R(e;))
if W(G) > W(R(e;)) then
SOL + G
else
SOL < R(e;)
end if
return W (SOL)

W(GUR(e;))

?




Kegdiowo 7

IToumodExTES KAl AVOUETADOTES

7.1 Ilourmodéxteg oc x0pLYES

Ye autd To xepdharo e&etdlouye TN Yevixeuon tou Tpofifuatog Tou xep. 4. Tdpa
xd0e xopuen €xel éva xdotog xaL {ntdue va tonobetioouue QUANAXES 0TI XOPLPES
yowelc va Eenepdoouue évav dedouévo mpolinoloytoud B.

To mpdéPAnua elvoar NP-hard cov ouvéneia tng mpdtaong 7.1 tou xeg. 4.

Ilpétaon 7.1 To npdfAnua BUDGETED MAXIMUM VALUE VERTEX GUARD WITH
PAINTING PLACEMENT elvat NP-hard.

O aAybplfuog mou mpooeyyilel To TPOBANUA palveTal TUPAXETE.

O akydebuog 15 yenoruonotel ) uébodo tou mponyoluevou xepahatou, epop-
uéloviag oe xdbe BAua tov ahydplbuo mou mpooeyyilet to mpéBinua MULTIPLE
KNAPSACK, énwg oto xe@pdhato 4. ITapaxdtew anodewxviouue tnv mpocéyyion mou
netuyalvel o aAybpLiuoc.

Eotw OPT 1 culloyh TwV oLUVOAGY TwV TVAXwY Tou avixouy otn BéAtiotn
Adon xow SOL 1 ouAhoyt| TV mvdxwy tou yog enéotpede o ahyodptbuog 15. Eotw r
0 aptiudc twv enavariPewy tou exteAéoTnxay 6TOV ahyoplbuo UéypL TOU TO TEWMTO
olvoho Py and ) oulhoyr) OPT eugaviotnxe akrd dev mpootébnxe otn SOL yuarti
n npdoheon) Tou Ha odnyoloe oe xboToC YEYAAITERO TOU B. Oewpolue:

W(Py) = W(UEL, P) — W (UEZ! Py)

Anhodh to obvoro Py dev mepéyel tuyov mivaxeg mou €youue NdN xohleL.
Toytel ot

W(P;) > oW (F))
émou P/ elvo to odvolo pe tn uéyiotn duvath alio oto BAua i. Anhadi oto Bhua
i, 0 x6ufog i mou emAéyeton and Tov ahybpiuo unopel va uny Brénel T uéyiotn

duvarth a&la and toug tivaxeg Tou €youy amoueivet, BAénet buwg olyoupa éva xAdoua
authc Tov e€apTdtan and TNV Tpocéyyion Tou MULTIPLE KNAPSACK(L).

77



78

KE®PAAAIO 7. IIOMIIOAEKTEY. KAI ANAMETAAOTEX

Algorithm 15 BudgetedMaxValueVertexGuardWithPaintingPlacement (*

greedy *)

compute FVS points
for every v € V(P) do
compute E'(v)
end for
SOL «+ 0
G+ 0
Cror + 0
M<V
repeat
select v; € V that maximizes
if Cror + ¢; < B then
G + G U L(P;) {P; is the set of the new overseen paintings}
D« D-P
Cror <+ Cror + ¢
end if
M+~ M — {U,}
until M = ()
select v; € V' that maximizes W (multknap(E'(v;), D))
if W(G) > W (multknap(E'(v;), D)) then
SOL + G
else
SOL <« multknap(E'(v;), D)
end if
return W(SOL)

W (multknap(E’ (v;)—GNE'(v;),D))
Cq




7.1. IIOMIIOAEKTEY YE KOPY®EY 79

Aqupa 7.1 Metd and | Bruata tov adydpibuov 15 toylet:

ca

W (Ui P) = W(UIZi ) > — (w(OPT) — W(UZi )

An6delly. T x40e otvoho Py € OPT — UL P, woytel 6

W(B) _ W(R)

Ck a

T0 6LUVOAXO X66TOG TWY GLUVOAWY 6to OPT — Ué;%Pi glval to ToAU B.
To ouvohixd Bdpog Ty mLVaxwY Tou avixouv ota civoha OPT — Ué;%Pi elva:

(&)
dpa
W (P,
W(OPT) - W(UZip) < B
!

W(Ui_, P) — W(UZI P) > aW ()

GUVETOC
W (Ul P) = W(UZIPR) > = (W (OPT) - W (U} Py)

Aqupa 7.2 Metd and | Bijuata tov adyopifuov 15 toylet:

!
WU P) 2 (1- [[a - )W (OPT)
k=1

Anédely. Ou 1o anodeifovue pe enaywyt oto . Ioydet

W(P1) > W (OPT)

Eotw 6t woydel yia [ — 1, dnhadi:

W(UZIR) > (1- ;H_llu - )W (OPT)

éxouus: l -1 l -1
W(Uim Pi) = WU B) + (W (Ui B) — W(UiZ 7))
and To TEONYOUUEVO Afuua:

- ac -
W (Ui P) 2 W(UZIP) + & (W(OPT) - W(UZIR)) -
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W (Ui Py) > W(USIR)(1L - ) + T W(OPT)
and v enaywywi urtébeon:
) =l acy, acy acy
WU P) > (1= J[(- f))W(OPT)(l - f) + fW(OPT) -

k=1

!
W (U1 P) > ( Hl—% W(OPT)
k=1
O

Ocdpnua 7.1 O adydptbuoc 15 tpéxel oe moAvwvuuixd ypdvo xar netuyalvet mpo-

oéyyion o lil = 3.16 yia 10 mpdfAnua BUDGETED MAXIMUM VALUE

VERTEX GUARD WITH PAINTING PLACEMENT.

Anédely. And to mponyoluevo AMuua toylet:

+1
ac
W(UEP) > (- [[( - )W (OPT)
k=1
1 ack I+1
> (1- H(l ST ))W(OPT)aa¢OZCi > B
k=1 Ez 16 i=1

1 ouvdpTNnoM
n
a;
(a-TIa-%)

=1

6mou Y i1 a; = A éyet minimum 6tay a1 = ag = ... = ap = %. YUVETOC
W(UELR) > (1= (1= ) YW (OPT) > (1 - —)W(OPT)
oxtes W(Pi1) < W(R), dgo
W (UL, P) + W (P) > W(U_Wi) + W(Pa1) > (1 — eia)W(OPT)

ouvendg pia ané T dbo mocdtnteg W (UL, P;) f W (P,) elvar peyadbtepn 1 ton tou

%(1 _ eia)W(opT)

Anhadf) o ahydpluog meTuyalvel TapdyovTa TPOoEYYIoNg 1 - = 2. =3.16
yia to TebBAnua BUDGETED MAXIMUM VALUE VERTEX GUARD WITH PAINTING

PLACEMENT.
O
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Algorithm 16 BudgetedMaxValueEdgeGuardWithPaintingPlacement (*
greedy *)
compute F'VS points
for every e € E(P) do
compute E’'(e)
end for
SOL +
G+ 0
Cror + 0
M+ FE
repeat
select e; € E that maximizes
if Cror + ¢; < B then
G + G U L(P;) {P; is the set of the new overseen paintings}
D« D-P
Cror < Cror + ¢;
end if
M+~ M — {61}
until M =0
select e; € F that maximizes W (multknap(E'(e;), D))
if W(G) > W (multknap(E'(e;), D)) then
SOL + G
else
SOL <« multknap(E'(e;), D)
end if
return W (SOL)

W (multknap(E’(e;)—GNE’(e;),D))
Ci
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7.2 Iloumodéxteg - MAELEES

[Topbuola anoTeAéopaTo UE AUTE TNG TEONYOUUEYNG TARXYPAPOU, EYOUUE XOL OTNY
neplntwon g Tonobétong puAdxwy otig Thevpés. O mpooeyyloTinds alydpliuog
16 divetal mopaxdtw.

Enlong énwg xau otig nponyolueveg nepintdoets ot alybpthuol autol uropoldv
VO EQUPUOGTOVY XoL OE TOAUYWVA UE TPUTES TETUYalvovTag TNV (Bt mpocéyyiom.



Kegdhoro 8

H »xdAvdn tng empdvelag tou
TOALY VO

8.1 Iloumodéxteg 0 *x0PLYES TOL TOALY®OVOU

Oa eZetdoovye thHpa to TEPANUa MAXIMUM AREA VERTEX GUARD. Eotw éva
noAbywvo P xat évag aptbudg k > 0. O oxondg elvor vo tonobetioouue k noumno-
dEXTES 0TS XOPUPES TOL TOALYGVOU £TOL HOTE VAl XAAVUTTETAL TO UeYaAUTEPO UEPOG
TOU EOWTERLXOV TOU.

Kévouue évay xataxepuatioud 1ou ecwteptxod TOU TOAUY)YOL OTKG OTO XEQPA-
Aato 1 evotnra 2.

Omnowadfrote FVS meproy a nou opileton and tig TeUVOUEVES TPOEXTATELS TWY
axudy tou Vi(P) elvan opath and xdnowa xopuph v € V(P) av xot uévo av emPBAé-
TETOL AT TN V.

'Etol Aowndy av otov ahyépibuo 1 avixatacthoouue, 6mou E'(v;) to A'(v;),
To omolo O mepLéyel TG EMPAvELES TToU QalvovTatl and to v; xou 6mou L ye S 1o
ornolo unohoyilet to euPadov, tote €xouue €vav TpooeyyloTixd alydplbuo ue tnv
Bt mpooéyyion bnwe o mewy. O akybptbuog 17 palvetar napaxdtw.

Algorithm 17 MaxAreaVertexGuards (* greedy *)

compute FVS points

for every v € V(P) do
compute A'(v)

end for

SOL + 0

for i =1to k do
select v € V' that maximizes S(SOL U A'(v))
SOL + SOLU A'(v)

end for

return A(SOL)

83



84 KE®PAANAIO 8. H KAAYWH THY EIII®PANEIAY

[Mapouortog ahydptbuog pe tov alydplfuo 9 umopel va eqoapuootel oty mepi-
Ttwor tou TpofAiuatoc BUDGETED MAXIMUM AREA VERTEX GUARD.

8.2 Tloumodéxteg - mTAeLpES

Eépouue and v evétnta 2 Tou xep. 1 6tu: uia onotadfnote FVS neptoyn nepippou-
pelton av xow wévo av emPAéneton and xdmola TAEUEE. BUVERMOS To anoTEAéoUATA
g evOTNTaC 2 Tou xepahatou 2 epapudlovtor we Ayeg allayés xal e36.

O ahyobpLbuog 18 npooeyyilel o tpéBAnua MAXIMUM AREA EDGE GUARD ye
Tapdyovta npocéyylong 1.58.

Algorithm 18 MaxAreaEdgeGuards (* greedy *)

compute FVS points

for every e € E(P) do
compute A'(e)

end for

SOL «+ 0

for : =1to k do
select e € F that maximizes S(SOL U A'(e))
SOL + SOLU A'(e)

end for

return A(SOL)

[Mapbuotog alybptbuog ue tov alybpfuo 10 uropel va epapuootel otny mepi-
Ttwon Tou Teofifuatoc BUDGETED MAXIMUM AREA EDGE GUARD.



Kegdiowo 9

M - nmpooceyyLolLOTNTA -
Avaywyéc

9.1 Ocewpla un TEOCEYYLOWOTNTOS

[Tpoxewévou va aLoAOYHOOUUE TNY TOLOTNTA TWY TROCEYYLOTIXAY alyoplOuny mou
ddoaue ota mponyolueva xepdlota yog yeetdlovial xdmola anoteAéopaTa Un -
TEOCEYYLOWOTNTAG Yo To TRoBAAUATA Tou EEETAOUUE.

‘Evag mpooeyylotinds alyoplluog oe cuvduacud ye éva amoTéleoua un - Tpo-
oeyylowotnroag elvar duvatdy va yapaxtneiler éva npdfAnua complete oe xdmol
xhdon mpocéyylong. e autAy TNV TEPITTWoN 0 TEOoEYYLoTNoS aAybpLiuog Oe-
wpeltal xahdg 1 opLyTds N BEATLoTOG WG Tpog TV mpooeyylowwétnta. To de
anotéAeoua un - mpooeyylowwdnTag fewpeltan eniong opLytéd 1 BéltioTo.

e uepwd Pooxd xat onuavtixd tpoBAfuata 1 peuva ouveyiletat ueptxég Qo-
péc o petd Ny tagwounct toug o xAdoelg. Aniadh mépa and To Talplacua
¢ Té4ENg tou npooeyyloTixol napdyovia (otabepds, AoyaptBuixds, xhr), ueptxég
popéc mpoonabolue va taptdEovue dpoug yaunihc té&nc. Lo mapddetypo to npd-
BAnua MAX CLIQUE dev elvon mpooeyylowo ue napdyovta nl ¢ Ve > 0 ([23]), evéd
npooeyyiletan (Ue éva mpopavy akybptbuo) ue tapdyovta n.

Ye autég Tig TepLntdoeLg 1) feATioTédTNTA TOU ahyopibuou xon Tou anoTeAéouATOg
un - tpooeyytowdTnTag elvon o toyven. ' ta APX-complete npoAfuata, toyven
Behtotétnta (strong optimality) onuaiver n edpeon uag otabepdc € > 0, étol
hoTe 0 TPOoEYYLOTIXGG adYOpLtOuog va TteTtuyalvel Tapdyovia npocéyylong 14 € xou
and v dAAN mAeupd N anddelln ot dev unopel va umdpyeL TOAUWVLPLXOY YedVou
TPOoEYYLoTXGG ahybpLhuog Tou va teTuyalvel Tapdyovta 1+ € — v, Vy > 0.

Eva nopddetyua tétolou mpofAfuatog yla To onolo URdpyYouv aTOTEAECUATA
toyuptic Bertioténrag elvar to MAXEXACT3SAT ([24]) to onolo opiletar 6nwg to
MAX3SAT ue ) dtapopd 61t %&be clause nepiéyet axpBide 3 literals.

Ye autd to xe@dhowo Oa dolue €va amOTENEOUN UN-TPOCEYYLOWOTNTAG Yo TO
neéfAnua MAXIMUM VALUE VERTEX GUARD.

85
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Eyfua 9.1: éva moAdywvo ue Bden

9.2 MAXIMUM VALUE VERTEX GUARD (3.1)

Eotw éva mohdywvo ywelc tpineg 6mwg oto oyfua 9.1. H mepluetpdc tou elvan
ywerouévn o dtactiuata Ye Bdern. Oewpolue Tt Ta SaoTAUATa aUTd deV TEPLEYOLY
Ta dxpa (avorytd dxothuata). To toAdywvo uropel va avanaptotd to neplypouua
TV Tolywyv pog yxakept (xdtodn). To Swxothuata ye ta Bden avanaptotoly épya
TEYVNG XpeERaouéVa aToug Tolyoug tng yxahepl. Ta Bden avanopiotoldv tig aieg
TV épywv téxvng. O oxondg elvar vo tomobeticouue 1o mOAd k @Uhaxeg mdvow
oToug x6ufoug Tou ToAuy@dvou, €Tl BGOoTE TO GUVOAXXS Bdpog TOu TUAUATOS TNG
TEQLUETPOU TOL elvar opatd and Toug PUAAXES Vo elvat To UEYLoTO duVATO.

Mo &AAn epapuoyt Tov TpofAfuatog elvat ota aolpuata dixTua entxoLvwviag.
Ta Sixotiuata ye to Bdpn AVATAPLOTOVY XATOXNUEVES TEPLOYES UE TOUG TANHU-
ouolg Toug, eVl To TOAUY®wVO Povtehomolel To YEwypapxd yohpo mou Peloxovtal
ot meployés. Oélovue va tomobetioovue k otabuolc ot meployée, €tol Hhate o
neptoobtepog duvatdg TAnHuouds va umopet va emxowvwviioet. To yeyovég étL To-
nofetolye Toug otabuolc oto meplypauua xaL 6L UEoo 6TO TOAIYWVO Umopel va
umayopeUeTal T.Y. And TO YEYOVOG OTL oL teployég Bploxovtal oTig Tapupés xdmotag
Auyng, xoL TEYVIXAS HaG CUUPEREL VoL XATAOXEVAGOVUE Toug oTafuols otny Enpd.
Enlong umopel va mpoxintel and to 4Tt oL mepLoyés Peloxovtat eveyouévwg oxap-
pohwuéveg oe Thaytés fouvdy xatl xdnolog otabuds Tonobetnuévog 6To ECHLTERIXO
g meptoyfc Oa elye uetwuévn euPéheia Aoyw yauniol voug.

Oa arodeiEouue 6Tt T0 MEOPANUA NG TomoBéTnoNg PUAdXWY oE TOAIYWYO Yw-
el teumeg elvar APX-hard. ©Oa xdvouue yio avaywyh and 1o tpdBinua MAX-5-
OCCURENCE-3-SAT xou fa anodei&ouvue bt 1 avaywyr avty elvor avaywnyr Siath-
PNONS XAOUATOG.
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lit

lit

Yyfua 9.2: éva meplypauua literal

9.2.1 Koataoxeun

H xotaoxeus; tou xdvouue potdlet pe auth mou yenotwonomifnxe oto [32] v tny
anddetEn 6Tt 1o mEéPAnua Tomobétnong ehdytotou aptbuol QUAdXWY ot ToAlywvo
(MINIMUM VERTEX GUARD) eivax NP-hard. Erniong ypnowonoinxe oto [8] yia
va anodei&et 61t to MINIMUM VERTEX GUARD eivoar APX-hard. Ou Swagopég tou
npoPAfuatoc mou e€etdlouye e3¢ elvan 6Tt Exet Bdpn xat bt tpoonabolue va ppou-
pfioovue Upog TNg TepLUETPOL Tou TOAUYGVOU. Autég oL Slaopéc Tou €xouv ouVé-
Tela Sapopéc:

o otny xataoxevy (tonobétnon xatdAAniny Bapdy),

® OTNY UETATEOTY WG EPXTHS AVong Tou mpofBAfuatog MAXIMUM VALUE
VERTEX GUARD ot e@uth) Aion tou npofAfuatog MAX-5-OCCURENCE-3-
SAT (uetaxivoldue toug @OAaxeg étol Hote vo BAEMouy ToLAdLoTOY T6GO
ouvoAx6 Bdpog, oo EBAemay xat TpLY xoL €Tl GOTE Vo Hag 0dnyoly OE Ui
eQuT) Adom Yo TO TROBANUA IXAVOTONoWOTNTAS),

o otr drdixaoia g avdluong (npoxelévou va anodeifovue 6Tl UETE TN HETA-
xivnon Twv QUAAX®Y To cuvolixd Bdpog TV TUNUATKY TNG TERUETEOU TTOU
paivovtat elvar TouldyLoToY 600 oL TIELY) KoL

e ot dadixacta anddetdng 6Tt R > 1+ ¢

[ %&6e literal mou undpyel 610 oTLYUL6TUTO TOL TIEOPBAHATOC MAX-5-O CCURENCE-
3-SAT xataoxevdlovye éva meplypouuo oav autd mou gatvetal oto oxfua 9.2. To
neplypauua avtd to xataoxevdlovue £Tol GOTE yla Vo elval oAéxAhnpo opatd amd
évay u6vo gUlaxa Tonobetnuévo oe xopuen, autdg Ha meénel va Beloxetat elte oty
xopuen Fi elte oty xopup 1. Ovoudlouvue autd to meplypouupa autt 1 nept-
veapupa literal.
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Eyuo 9.3: éva neplypauua clause

"ear"

- I

Yyfua 9.4: éva neplypaupa clause e tpla literal nepiypduuata

IMa xd0e clause mov undpyel 6To oTLYULOTUTO TOL TPOPBANUATOC MAX-5-OCCURENCE-

3-SAT xataoxevdlovue éva meplypouua oav autd mou gaivetal oto oyxfua 9.3. To
neplypauua autd o xotaoxevdlovue £Tot AOTE yla vo elvat oAGxAnpo opatd amd
évay pUloxa, autdg Ho mpémer va Bploxetar puéoo oty mepLoyh mou Qalvetol 61O
oyfhua 9.3. Ovoudlouue autd to meplypouua, teplypapa clause.

To neplypaupa clause pe tpla autid mou €yel npoxler and éva clause ue tplo
literals gatvetoar oto oyfua 9.4.

[ xdBe variable mou undpyer 6T0 oTLYULETUTO TOL TEOBANUATOS LXAVOTIOLYOL-
uétTNTAg, XotaoxeLdlovue To Teplypauua tou gatvetat oto oyfua 9.5. Ovoudlouue
To meplypauua autd, variable meplypappma, Ty aplotepy ecoyr oupd xat Tt 3o
xdte uépn média.

Oa tpochécouue enlong ota variable neplypdupata xdnolo TEPLY PAUMAATA oLxi-
deg T omola TEPLYPAPOVTAL TOPAXATE.

Télog mpocbhétouue éva autl oTNY TdVE apLoTER YWV TOU TOAVY@EVOU XAl 1)
xatooxeuq €xel ohoxAnpnwlel. O nmpocavatoAouds twy Todidy twy variable mept-
YPAUUATOY elval TETOLOG, £ToL BOTE va gailvovtat and éva lhaxa Tonobetnuévo otny
xopuph) W. 'Eva mohdywmvo mou €yel XaTAoXEVAOTEL OTWS TEPLYPAPTNHE TOPATEVE
xau €yl mpoxVel and éva oTiyuLétuno Tou TeoPBifuatog MAX-5-OCCURENCE-3-
SAT gaivetar oto oyfua 9.6.

Ou MepLYpdPOUUE TMEA TNV XATACKELT TV TEPLYPAUULT®Y axtdwy. o xdbe
eupdavion evog literal otny hoyw] éxgppaon, dnhady yia xdbe literal meplypopuuo
mou €youue mpoobhéoel 6to TOAlYwYO, Tpochétouue dVo mepLypduuata axideg oTo
avtiotolyo meplypauua variable wg e€fg: Edv to neplypouua literal avtiotouyel oe
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"tail"

Yyfua 9.5: éva meplypouuo variable

Betind (apynuxd) literal otn Aoy éxgpaon npoohHétouue ta dlo meplypdupata
axidec étol bnwg gaivetar oto oxfua 9.7 (9.8). To meplypauua axida 1o onolo
patvetor and v xopuen Fiit(T1t) ovoudletor FALSE (TRUE) axida. ITapatnehote
ota oyfuata 9.7 xou 9.8 étL ta mepiypdppata axideg elval xataoxevacuéva €tat
oote 1 Béomn tou FALSE nepuypdupatog axidag etvan to tudua (a, Fjit), evéd n Béon
tou TRUE repiypdpupatog axidog eivan to twAua (Tiig, b) xow oyt (Thit, ). O oxonde
TOU XATAOXEVAOTNXAY £TOL Elval yla v Uny untdpyetl xopuen oto clause neplypauua
(deg oxfua 9.6) and tny omola va gaivovtor neptoodtepa and éva TEPLYPSUUATA
axidec.

Ané Tov 1péT0 x0TOHOXEUNS TOU TOAUYHDYOL TPOXVUTTOUY T €€1¢:

Teetc @Olaxeg elvar avayxalol xor apxoly yio vo QuAdEouy éva meplypouuo
autl, to avtiotolyo variable neplypouua (8o tédta xat o oupd) ot ta avtioToya
TepLypdupoTa axideg:

O évag and autolg toug pUlaxeg mpénel va tonobetnlel oty xopup W xon and
exel BAénel ta TS Tou variable meplypdupartoc.

Ot unérotnot dbo tonobetolvior atig xopLPés we e€hg:

o {Fuar, Flit}, W{Tvar, Tt } €dv mpbxertan yia axideg nouv avtiotoryolv oe Hetind
literals »o

o {Fyar,Tiit}, 1 {Tvar, Frit} €dv npdxetton v axideg mouv avtiotolyolyv o€ ap-
vntud literals

H xoataoxeur) ohoxAnpdvetor pe v avdfeon twv Bapdv. Avabétouue Bdpog 8
o€ x40e axu1| TOU TOAVYDYOU TOU XATACHEVAOUUE, EXTOHG and TS 'PONVES’ axués Twv
clause nepiypapudtoy mou elvar toviouéveg oto oyfua 9.4, otig omoleg avabétouvue
Bépog 1.

[Malpvouue oav aptbud drabéowwy puhdxwy k = I +n+1, drou | elvon o aptbudg
TV cugavicewy twv literals xav n elvar o aptbuds twv petafAntdy g Aoy
EXPPAOTS.
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'Etou éyouue xataoxevdoet éva otiyptdtuno tou tpoAfjuatogc MAXIMUM VALUE
VERTEX GUARD.

9.2.2 MetaoynUaTtlonds WLag QLT AVoNg

Botw wa arovour) adffeiag tng Aoywic éxgeaong. Oa meptypddouue uia tono-
Bétnon guAdxwy mou avtiotolyel oty dedouévn amovour] aiffeag. Tomobetolue
k' =1+mn+4+1 @illaxeg oTlg x0pUPES TOU TOAUYGDYOU TOU XATAOXEVACAUE GTNY
Tponyoluevn evétnTa 0 e€NC:

e tonofetolyue éva pllaxa ot x&be neplypauua variable oty xopueh Fyar (Tyar ),
gdv N tywh adfbetag g avtiotouyne petafintic elvar FALSE (TRUE),

e tonofetodue éva Ohaxa oe xdfe literal nepiypauua oty xopugph Fii(Tii)
edv N anotiunon Tou avtiotoiyou literal oty Aoyudy éxgpaon eivar FALSE
(TRUE),

e téhog tomobetolue éva pOAaxa oto npdobeto meplypauua autl 6Ny xopLEA

w.

Me autd Tov tpémO TOoTOBETNONG TWV PUAGXLY Elvar edxolo va Bet xavelg bt
x&0e meplypopua literal qaivetor and xdmorov gllaxa. Enlong xdbe meplypopuuo
variable @aivetor amd xdmorov @UAaxa. Ouolwg @aivovtor dho Ta TEPLYPAUUATA
axideg. Eniong ta néddo and ta variable mepiypdupata gatvovtor and tov @iAaxa
mou €yel Tonobetnlel oty xopuph W. Ot ubdveg axués mou Sev Ou paivovtat elvar
oL axuég amd ta clause meptypduuata Ta omola avTioTolyoUy ot clauses mou Sev
ixavomotolvtat and Tt dedouévn arnovoun ainbetac.

Avtiotpoga, dedouévng urag tonobétnong and k =1+ n + 1 plhaxeg 610 xota-
OXEVACUEVO TOADYWYO TNG TEONYOUUEVNS EVOTNTAC, TO OTOLO ATOTEAEL OTLYULOTUTO
Tou MAXIMUM VALUE VERTEX GUARD mpofAfuatog, Oa meptypddouue wia amo-
vout) ahffelag yia To apyxd otyuétuno tou MAX-5-O CCURENCE-3-SAT mpofAt-
uatog. Apywd arlrdlouue Ty TomobBéTnon TwV QUAAXLY we eENG:

e tomofetovue axpBic éva pUlaxa oe x&0e variable neplypauua o xdmota and
L6 X0pUPES Fyar N Tar,

e tomobetolue axpBig éva @UAaxa oe xdfe literal neplypauua otnv xopuen
Fit(Tyit) €8v to avtiototyo TRUE (FALSE) neplypapua axido gatvetar and
Tov @UAaxo mou €xetl Tonobetnbel oTo meplypauua variable,

e tornofetodue évav @Uhaxa oty xopupR W tou mpbdabetou autiov.

Axoloubel n mepiypapt| ue meploodtepes Aemtouépetes: Aedouévng piag Tomo-
Oétnong and k =1+ n + 1 pdhaxeg, éotw 6TL N cuvokunh) afia TV TUNUETKY TOU
paivovtar elvar B. Qo akrdEouue v Tomobétnon twv guAdXwY étol dote N alla
TOY TUNUATOY Tou Qatvovtal va elvar TouAdytotoy B, xo €tol dote pe v eal-
PEOT) XATOLWY ‘QTNVAOY’ axu®dy ue Bden 1, n véa tomobétnon uidxwy metuyalivel:
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o) va BAémer Tig axuéc Tou Tohuydvou xat B) ‘ouvenh’ tonobétnon uAdxwy ot dlo
xopu@éc and ¢ 4 Fuy, Tiit, Fyar, Tyar, Yot x80¢ literal neplypaupua. Axoloubel 7
véa Tomofétnom twv QuAdXWY:

o BAua 1: tomobetolue éva plAaxa oTNY xopuph w Tou TpdebeTou TepLYPdU-
MOTOg ouTLoY,

o Brua 2: v x&be neplypopua puetoAnTic:

— 1) edv undpyet uévo évag @llaxag oto meplypauua, tonobetnuévog ot
xoput| and v omola Qalvetar xdmoto meplypapua axidug, Tov Tonobe-
to0uE 6TV %0pLPT| Fyar (Tyar) av and tny xopueh Fyap (Tyar) paiveton
7 (S axida

— ii) o€ bhec Tig dMheg mepintdHoelg (dev undpyouv TorobeTnuévol QUAaxeS
oto meplypaupa, vndpyet évag @Ulaxag mou dev BAémel xavéva mepl-
Yoouuo axida, undpyouy teplocdtepol and Evag QUAAXES), Totofetolue
éva. pOAaxa oY x0pUPT Fuar (Tyer) €6v and v xopueh Fuar(Tyar) 0
pONaxag unopel va det meptocbtepa FALSE mepiypdupata axides and
6t and ™y x0puPph Tyar (Fyar)

o Bijua 3: yua xdbe literal neplypauua, Tonobetolue éva QUAAXA GTNY xORUPY
Fiit(T13t) €dv to avtiototyo FALSE (TRUE) neplypouua axidog Sev gaivetat
and tov pvlaxa o onolog éxel tornofetnlel oto variable neplypapua.

Aniadh n mbavh yetaxivnom Ty QUAEXKY oTa Teptypduuata variable éxet odn-
yhoel oe peTaxivnon Twy QuAdxwy Tou elyav tortoletnlel ota literal nepiypdupata.

Oa anodeifovue otny enduevn evétnra (BA. Afuua 10.2) 61 to suvolwxd Bdpog
TV aXUGY Tou Qatvovtal and toug QUNaxeg UETA TN Véo Tomobétnom elval TOUAS-
ytotov B.

Tdpa uropolue va teptypddouue uio arovour ahfbelag we e€fc: avébeoe Tt
TRUE (FALSE) oe ww variable tng Aoy éxgpaong edv to avtiotolyo variable
neplypapua €xer @Ohaxa tonobetnuévo oty xopuPh Tyar (Fyar)-

9.2.3 Avdiuom tng avaynyns

Eotw I éva ottyudtuno tou npofAfuatog MAX-5-OCCURENCE-3-SAT ye n vari-
ables, | eugpavioeic ané literals xaw m clauses (I < 3m). Eotw I' éva otypdruno
tou npofAjuatoc MAXIMUM VALUE VERTEX GUARD (10 0TOL0 XOTOOXEVAOTNXE
6nwe oy evétnta 1.1) ye k =1 +n+ 1. Botw M to cuvokxé Bépog 6wy twv
AXUGDY TOU TOAUYGDYOU.

Adfppa 9.1 Ay OPT(I) =m t6te OPT(I') =M

Anédely. Eotw Aowndy 6t undpyet wia anovoun arflelag mou txavornotel xat to
m clauses. Edv tonobetioovue [ +n+ 1 @lhaxeg 610 ToAlywvo dnwg 6Ny evotTnTa
10.1.2, téte elvan eGxoAo va Solue 6TL To 6UVOAO TOU TEQLYPAULUATOS TOU TOAVYDVOU
patvetor and Toug pUAaxeg. Etol To cuvoAxd Bdpog TV axu®y Tou patvovtal elvot
M. O
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Afppa 9.2 Ay OPT(I') > M — 8em téte OPT(I) > m(1 —¢)

Amn6deEn. Eotw € > 0 xon pa tonofétnon and [ +n+ 1 gdhaxeg oto oTiypidTuTo
I' étoL Hote To oUVOAXS Bhpog TWY TUNUETWY TOU TEPLYPAUUATOS TOU TOAUY®BVOU
mou qatvovtow and toug QUAaxes elvar Touldytotov M — 8em. Av uetaxivioouue
Toug QUAAXES OTwG TMEpLYPdpTNXe atny evétnta 10.1.2, téte oL K = [+ n+1 plhaxeg
BAénouv To meplypauua ohéxAneo, extdg and xdmoieg 'Onvéc’ axuéc. Oa amodei-
Eouye OTL T0 GUVOALXS BAPOC TV AXUDY TOU TEPLYPAUUITOS TOU QPAlvoVTAl UETE
N PeTaxivnon ToY PUAAX®Y elvat ToUAdyLoToV 660 xou TpLv. Ankady Touldylotov
M — 8em.

[Topatnpodue 61t av Tomobethoouue éva gllaxa otnv xopupy| Fiix W) Ti and
éva literal meplypopua to omolo ey dev puAacodTay 16TE Glyovpa avidvouue To
ouvoAx6 Bapog xatd 16 Toukdytotoy agol ot axués (Fiip, d) xou (d,e) 8 unopel va
patvovtor and @Uhaxa extdg Tou literal mepiypduuatog.

Ouolwg, évag gilaxag tonobetnuévog oty xopupN Fyer N Tyer €vOg variable
TEPLY PAUUATOS TO oTtolo TELy dev elye @UAaxes, aopards auEdvel To cuvohixd Bdpog
TV OXUGY Tou paivovton xatd toukdytotov 16 (elvar to Bépog Twv 3o axudy tng
oupdg Tou variable meptypdupaTog).

Oo oulntioovue Tdpa dVo TEPLTTOOELS TOU apopoly Tomobétnomn QuAdxwy oTa
auTid Ty literal repiypapudtwy.

o Fotw 6t xatd v apyxf tomobétnon unieyav d¥o @Olaxes 0TI XOpLPES
Tiir xou Fiyp evég autiod xan uetd ) petaxivnom, o govadixds pihaxog Tomo-
BethBnxe oty xopupt| Fiir. To ouvohuxd Bdpog umopel va €xel petwbel xatd
To oAV 8 (BL6TL Tdpa umopel v un paivovtat ot pinvéc axuéc mou paivovtay
and 1o Tit), buwe avihifnxe olyoupa xatd 16 (86T o @lhaxag mou épuye
tonofethlnxe o po péypt tdpa apiiaxtn neptoyy).

e Eotw 61t xatd v apywxi] tonoBétnorn unipye évag @UAUXAS GTNY x0pLYPN
Tyt €vog avtol (xon dev urnhpye dhhog oto auti) xou uetd tn petaxivnon o
pONoxag autog Beloxetor atny xopugt| Fi Tou auTiol:

— Edv 1o avtiotoiyo FALSE neplypouua axida dev gatvotay xotd tny op-
X tomobBétnon tev QuAdxwy (ard éva @ilaxa dnhadh oto variable
neplypouua), 1o ouvokxd Bdpog petd tn uetaxivnomn umopel va €xet
petwBel xatd to moAd 8 (ool tdhpa umopel va unv gaivovtor ot @bn-
vég mAeupéc) adAd €xer aunbel xatd Tovhdytotoy 16 (apol to FALSE
neplypappo axida tdpa paivetal and tov @llaxa otny xopuph Fi).

— Edv 1o avtiotoiyo FALSE neplypouuo axido, Qatvotay xotd tnv apyixn
Tonofétnon Ty puhdxwy (and éva pilaxa g oto variable neplypauuo)
t61E OVUQWYA YE To Prua 3 oty petaxivnon tng evétntag 10.1.2, oto
neplypaupo variable dev unopel va umpye wovo €vag QUAaxag, apol oy
ftay étot Oa éBAene autdg To FALSE neplypopuo axidag xot ye Bdon to
Briwo 3 Oa émpene va tomobetioouue pOlaxa oto Tj xaL 6L 6T0 Fijy.
Apa mpdxettar yia TNV TERITTWON 6TNY onola xatd TNy apytxy Tomohé-
oY, Urdpyouv Toukdytotov 2 @Ulaxeg oto variable meplypouua, xat
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uetd tn uetaxivion o gllaxag g €xet petaxivnbel xau tormobetnlel oe
&Aho meplypoppa yotl olugwva pe to Bhua 2)ii) tne evétnrog 10.1.2
umpye dhhog pUlaxag Tou EBAene ta teptocdtepa FALSE nepuypdupota
axidec oto meplypopua variable. Auté onuaiver 6t o pUAaxac g éBAene
t0 mohl 2 FALSE rnepiypdupata axideg, SiotL éva neplypaupa variable
uropel va éxet to tohd 5 FALSE nepiypdupato axidec (ua petafint
eppaviletar o Tohd oe 5 literals). Etot Aownév yia x&0e variable nepi-
yeauua, Ulaxeg éxouvv petaxtvniel and tnv xopuen Ti; oty Fi o€ to
moAU 2 literal nepiypduuata. Apo to cuvohixd Bdpog €yel uetwbel xatd
10 oAV 16 (36Tt unopel petd ) petaxivnomn va uny gaivovion ot ginvég
mhevpéc and 2 clause meprypdupata) aAAd éxer avinbel xatd TouAdyL-
otov 16 (agol touldytotoy évag @llaxac éxeL Tpa tortobetnbel oe éva
apiAaxTo wg Thpa TEplypaUMa).

Yrevhuuilovue, 6Tt yetd n petaxivnon wévo ‘@plnvég’ axuéc umopel vo uny
palvovtat. Aev umdpyet teplntwon dnAadh uetd ) wetaxivnon mou éytve 6TwG TNV
evéotnta 10.1.2 va unv @aiveton xdnoto meplypouua axida, xAn. Metd Aowmdy 1
uetaxivnon €yovue netdyel va BAémouue 6Ao To mEplypauua TOU TOAUYDYOU EXTHG
lowg and em clause meptypdupota. Autd onualvel OTL AV XATAGXEUAGOUUE ULoL
arovouq aiffelag yia to otryutétuno I énwg oty evétnta 10.1.2, auth n anovou
ahfBetag B aprivel un-txavomoiorua, axpBds autd ta em clauses nou avtiotolyoly
ota em clause meptypdupoata Tou dev xahintovtan and pvhaxes oto I'. O

Ané 1o Mupa 10.1 xou v avubetoavtiotpopy Tou AMjuuatog 10.2 mpoxintel
To mopaxdTe Hedenua.

Ocdenua 9.1 FEorw I éva oriyusturo tov mpoBAjuaroc MAX-5-OCCURENCE-
3-SAT ue n wvariables, m clauses xat | < 3m eugaviceic and literals. Fotow I'
t0 otryuidtuno tou mpofAfuatoc MAXIMUM VALUE VERTEX GUARD (to onolo
xataoxevdotyxe énwg otyy evétnra 10.1.1) ue k = l+n+1. Eotw M to ouvorixd
Bdpos 6Awy TV axudy tov noAvydvou. Tote:

OPT(I)=m — OPT(I')=M
OPT(I) <m(l —¢) - OPT(I') < M — 8em

Anhadh n avayonyh auth elvoe avaywyr dathenong ydouatog.

1o [1] xau [2] éxer anodetyBetl 61t to npdBAnua MAX-5-OCCURENCE-3-SAT ye
nopapétpous m xat (1 — e)m yia xdnowo € > 0, 6nov m eivar o aptBude Twy clauses
oto otuywoturno I, elvor NP-hard vo arnogactolet.

Apa péow tng gap-preserving avoywyfig TOU TEQLYPAPTNXE TALATAV®, LOYUEL
6t extog av P = NP, 3¢ unopel va undpyetl tpooeyylotxdg ahyoptduog noluwvu-
ol ypedvou Y to medBAnua MAXIMUM VALUE VERTEX GUARD, o omotog va
TETUYALVEL TPOOEYYLOTIXG TTapdYOVTA

M
M — 8em

Edv ouufolicouye:
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e ue V 10 ouvolxd Bdpog evég variable neprypdupoatog (n6dia, ovpd, oxuéc
ota TOdL avdueoa o€ axideg, ouv Ula TAELEd N omola EVGVEL TO TEplypPAUUA
variable ye to enduevo meplypauua variable mpog ta dedid), éyouvue 104 <
V <168

e ue L 1o ouvohuxd Bdpog evég literal meprypduuatog, L = 40
e ue S 1o ouvohxd PBdpog evog meplypduuatog axida, S = 16

e ue C 10 ouvoAxd Bdpog evég clause meplypduuatog ywels To AUTLE, CUV UL
TAgLpd Tou cuvdéel To meplypauua clause ue to emduevo meplypapua clause
npog Tt dedLd, téte 16 < C' < 32

e ue E 10 ouvoluxd Bdpog tou npdohetou meptypdupatos autiod ouy TG und-
AoLmeg MAEVPES TOU MEPLYPAUUATOS TOU ToALY®You, E = 80

Exouue:
M <3mV +3mL+6mS +mC +E <m@BV +3L+6S+C+E) <meé

Metd and pepixoic utoloylopols €youue:

M1 1
M—8em 1-8m =7 _ 8
M 3V4+3L+6S+C+E
1 8 8
> g 21t 68621+6—,621+e"
¢ T

Ocdpnpa 9.2 To mpdBAnua MAXIMUM VALUE VERTEX GUARD yia moAlywva
xwplc tpunes elvar APX-hard.
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9pIS 9[qeLIBA

opIs asne[d

YyAua 9.6: mpoxintov TOAUYWVO
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var var

Eyfuo 9.7: d0o meplypduuata axideg TOU AVTLOTOLYOUV OTNY EUPAVLOT EVOC
Oetixov literal oe éva clause. To 800 meplypduuata axideg xou to autl gai-
vovtal and dvo @Uloxes Tomobetnuévous m.y. oto onuelo F, (BAénet to
apLotepd Teplypauua axida xaL TV oupd) xa oto onuelo Fiy (BAénel To 8eid
Teplypoppo axida xoL to autl).
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Yyfuo 9.8: Vo meplypduuata axideg mou aviioTtolyody oty eUuQdvion evdg
apvntixoy literal oe éva clause. To d0o mepiypdupata axidec xou to autl
patvovton and dvo @lhaxec Tonobetnuévoug m.y. oT0 onuelo Ty, (BAéner To
316 meplypaupa axida xaL v ovpd) xat oto onuelo Fi; (BAéneL To aplotepd
Teplypaupa oxida xat to aut).
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Kegdharo 10

Ilepioocotepa AP X-complete
TEOBAAATA

Ye autd 1o xepdrato Ha dolue mwg unopolue Vo eQopUOGOUUE THY avay YR Tou
TEOTYOUUEVOU XEPUAAlOL Yol Vo amodElEOVUE AEVNTLXA ATOTEAEOUATA TPOCEYYLOL-
OTNTAC Yo Tot TROBANUATE TV XEQAAAlY 2-7.

10.1 MaAxiMUM VALUE EDGE GUARD (3.2)

Ag e€etdoovue TV nepintwon oty onola ot PURaxeg emTpéneTat va TotofeTolvTal
uévo ot mhevpéc (évag pvhaxac xotalauBdver utoe oAéxAnen thevpd).

IIpétaon 10.1 To mpdfAnua MAXIMUM VALUE EDGE GUARD elvat APX-hard.

Anédelly. Oo yeNoLWOTOLCOVUE TNV AVaY®YR TOU TEONYOoUUEVOU XEPalaiou Xd-
vovtog Tig €€ allayés: To literal pattern tou moAuydvou elvat autéd Tou aivetat
oto oyfua 10.1. To variable pattern elvaw autéd nouv @aivetoar oto oyfua 10.2. To
Bedpnua 9.1 oy et xaw €86 pe T wéYY drapopd 6T oL UAaxeS Thpa xatahauBdvouy
Theupég ot Oy L x6uBoug. O

10.2 MAXIMUM VALUE GUARD watching (3.4)

Ag dodue Tu ylvetal otny mepinTwon moOu o oxomdg wag elval va tomobetioouue
pONaxes mou va emtBAémouy TN wéytotn adia xor byt vo Ty xahintouy. Aniadn
o @UAaxag elval avayxn vo BAETEL TOUAAYLOTOV €VO XOUUATL TOU Tivoxa ot o)L
AVAYRAOTLXE OAOXANEO.

IMpétaom 10.2 To mpdfAnua MAXIMUM VALUE VERTEX GUARD (watching ver-
sion) elvar APX-hard.
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Yyfua 10.1: 'Eva literal pattern yio @UAaxeg - Theupég

Yyhuo 10.2: 'Eva variable pattern yuo @UAaxeg - mTheupég

Anédegn. Oa neprypddouue pa avaywyn and 1o npdfAnua MAX-5-O CCURENCE-
3-SAT o710 mpéBANua MAXIMUM VALUE VERTEX GUARD (watching version). Ap-
X xataoxevdlovue To ToAVYwvo énwg oty evétnta 10.1.1.

Kébe mhevpd uéoa oe éva clause pattern éyel dapebel oe O(n) FVS tufuata
ool unopel va emPBAénetar uévo and onuelo ota variable patterns. Eotw § > 0
évac axéporog tétolog Bote o apiude TwY TUNUdTLY ot onowadrfrote (Tponyoluevn)
@Onvi| Theupd elvan To ToAY dn. Oétovue afla 1 oe x&be TuRuUa To omolo avixel ot Lo
(mponyodueva) @Onvi thevpd tou clause pattern. ©étouue alia 86n oe onotodfnote
Ao tunua. Tdpa unopodue va enaknbedoouue 6t to Hedpnua 9.1 toyleL. O

IIpétaomn 10.3 To npdfAnpua MAXIMUM VALUE EDGE GUARD (watching version)
elvat APX-hard.

Anédely. Ouolwg avdyouvue to nedBAnua MAX-5-OCCURENCE-3-SAT oto MAX-
IMUM VALUE EDGE GUARD 0n®¢ Xal 6TNY TRONYOUUEYY TedTAo UE TN dapopd
OTL OTNV APY XY XATACKELT| TOU TOALYKYOU Ypnotuonotolue ooy literal xou variable
pattern exelva Twv oynudtwy 10.1 xo 10.2. O
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10.3 MAaxiMUuM LENGTH GUARD (2.1 / 2.2)

Ilpétaon 10.4 Ta mpofAfjuata MAXIMUM LENGTH VERTEX GUARD xa: MAXI-
MUM LENGTH EDGE GUARD elvar APX-hard.

Anédedy. Avdyouue tdl 6Twe xat Tety To TEdBANua MAX-5-OCCURENCE-3-SAT
ota MAXIMUM LENGTH VERTEX GUARD xow MAXIMUM LENGTH EDGE GUARD.
Xpnowuonotolue otny xataoxevy Ta avtiotolya literal xat variable patterns 6mwg
xat Tpwv. Auth ) Qopd xataoxevdlouvue To tohlywvo étol Gote xdbe (nponyod-
ueva) @Onvi mheupd evéc clause pattern va eivon 8 popéc uixpdtepn oe uixog and
x&0e dAAn Thevpd Touv moiuydvou. To Oedpnua 9.1 toylel xat edd. O

10.4 MAXIMUM VALUE VERTEX/EDGE GUARD
WITH PAINTING PLACEMENT (4.1 / 4.2)

Ag Bolue tdhpa Ty TEpinTWoN GTNY OTolo oL TVAXES TOU TPETEL VO PPOLEHGOUUE
dev €xouv axdun tonobetnbel otoug tolyouc tou yovoeiou (dnhadh otnv mepluetpo
ToUu TOAUYHVOL). Anhady pag divovtat oL SlaoTdoELS TV TWVdXwY HE ol xal yag
{ntolv va TomobeTioouue xal Toug Tivaxeg xoL Toug QUAAXES £TOL DOTE 1 UEYLOTY)
duvarth a&la va QuAdooETAL.

Ilp6taom 10.5 Ta mpofAjuata MAXIMUM VALUE VERTEX GUARD WITH PAINT-
ING PLACEMENT xat MAXIMUM VALUE EDGE GUARD WITH PAINTING PLACE-
MENT elvat APX-hard.

Amédegn. Aedouévou evédg otiyudtumou tou Tpofifuatog MAX-5-OCCURENCE-
3-SAT UTOPOUUE VO XATACHEVAGOUUE €V OTLYULOTUTIO TOL TpofAfuatog MAXIMUM
VALUE VERTEX GUARD WITH PAINTING PLACEMENT ) MAXIMUM VALUE EDGE
GUARD WITH PAINTING PLACEMENT wg €&fg: xatooxeudlouue 10 xatdAAnio
TOAUYwVO Yl Ty mepintwon tonofétmong puRdxwy oe xopuéc 1 Thsupés. Kata-
oxevdlouue Tig (nponyolueva) pOnvéc axuéc Twv clause patterns Ayo wixpdrepeg
o uhixog and onotadnrote dAAN tAevpd. I x&be mhevpd e Balouue 610 GYVOrO TWVY
mVaxwy €va mivaxo pe uixog 8o ue tng e. Téhog Balouue a&la 8 oe xdbe mivaxa
extdc and exelvoug Toug mivaxeg mou Toug QTIAEaUE Yo var Taptdlouy oTig Uxpd-
tepeg TAevpée (mpdnv @Onvéc) Twv clause patterns. e autolc toug TteElEuTaioug
nivaxeg Balovue afla 1. To Bedpnua 9.1 woylet. |

10.5 IIoAdyowva ye telresg (2.3 / 3.3 / 4.3)

‘Ol autd T TpoBAfaTA UTopoUUE va T oploouue o€ TOAUYwva e Tpuneg. Ta mo-
Aoywva pe Tpuneg elvan yprotua yratt yoag divouv v euxatpia va povteAonotioouyue
NV TeaypaTxdTNTA o motd. [ mapddelypa ol TpUTEG UTOPOUY VoL AVaTapLoTOVY
puowd eumodia. Entong yxden otig tpineg unopoiue vo tonobetiicouvue pOAaxeg oto
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N

Yyfua 10.3: To apiotepd Yé€poc Tou TOALYOVOL UE TNV TEUTA

E0WTERPXG TOU TOAUYHVOU T8VK 6TOUS XGUPBOUG Xat TIG TAEVPES TV TPUTAHY (dnhadt
ot npoxafopLouéveg TEpLOYECS).

Ouuilouvye otov avayvadot 6t Ta tpofAfuata MINIMUM VERTEX GUARD xot
MINIMUM EDGE GUARD ot noAdywva pe tpuneg elvat logn-hard. ITo ouyxexpl-
uéva, dev umdpyel TEOCEYYLOTIXGS ahY6pLOUOg ToAUWYLULXOY Yedvou o onolog va
unopel va eyyunbel tpooeyyloTind Tapdyovta % Inn yw onowodinote € > 0, extdg
av NP C TIME(n©(oglogn)) ([18, 15]).

Ilpétaom 10.6 Ta mpoBAjuara: MAXIMUM VALUE VERTEX GUARD, MAXIMUM
VALUE EDGE GUARD, MAXIMUM VALUE VERTEX GUARD watching version,
MAXxiMUM VALUE EDGE GUARD watching version, MAXIMUM LENGTH VERTEX
GUARD, MAXiMUM LENGTH EDGE GUARD, MAXIMUM VALUE VERTEX GUARD
WITH PAINTING PLACEMENT xa: MAXIMUM VALUE EDGE GUARD WITH PAINT-
ING PLACEMENT o¢ moAUywva ue tpunes eivar APX-hard.

Anddey. Avdyouue 1o MAX-5-OCCURENCE-3-SAT ot xaféva and ta Topandve
TEOPBAAUATE. LTO XATAGHEVACTIXG UEPOS TNG XA0E avaywyhg TeochéTovue wia TpUna
xon éva “autl” oty aploTep XATw Ywvia TOU TOAUYOVOU, OTKS QALVETIL OTO oYU
10.3. To Oedpnua 9.1 woylet yia xdfe avaywy. O
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10.6 'Ogro cuvolixol xéotoug (5 /6 / 7)

Ta mpofAfuata Twv xe@alaiwy 2, 3, 4 anoteholy edXEC TEQTTHOOELS TwV TROBAN-
UATOY uE 6pLo GUVOALXOU ®6GTOUG Tov eEeTdoaUE oTa XEPdAota 5, 6, 7. dmou xdbe
uroPigLa Héomn pilaxa éyel xbotog 1.

Ilpétaom 10.7 Ta npofArjuata: BUDGETED MAXIMUM VALUE VERTEX GUARD,
BUDGETED MAXIMUM VALUE EDGE GUARD, BUDGETED MAXIMUM VALUE VER-
TEX GUARD watching version, BUDGETED MAXIMUM VALUE EDGE GUARD watch-
ing version, BUDGETED MAXIMUM LENGTH VERTEX GUARD, BUDGETED MAX-
IMUM LENGTH EDGE GUARD, BUDGETED MAXIMUM VALUE VERTEX GUARD
WITH PAINTING PLACEMENT xat BUDGETED MAXIMUM VALUE EDGE GUARD
WITH PAINTING PLACEMENT o€ noAUywva ue i ywpls tpines eivar APX-hard.

10.7 APX-completeness

Ané ta anoteléopata Tou xe@aialov autol xor Twv xegohalwy 2, 3, 4, 5, 6, 7
TEOXUTTOUY OTL:

Ocedpnpa 10.1 Ta mpofAjuata: MAXIMUM VALUE VERTEX GUARD, MAXIMUM
VALUE EDGE GUARD, MAXIMUM VALUE VERTEX GUARD watching version,
MAXIMUM VALUE EDGE GUARD watching version, MAXIMUM LENGTH VERTEX
GUARD, MAXIMUM LENGTH EDGE GUARD, MAXIMUM VALUE VERTEX GUARD
WITH PAINTING PLACEMENT xat MAXIMUM VALUE EDGE GUARD WITH PAINT-
ING PLACEMENT o€ noAUywva ue i ywpic tpunes eivar APX-complete.

Ocdpnua 10.2 Ta mpoBAfjuata: BUDGETED MAXIMUM VALUE VERTEX GUARD,
BUDGETED MAXIMUM VALUE EDGE GUARD, BUDGETED MAXIMUM VALUE VER-
TEX GUARD watching version, BUDGETED MAXIMUM VALUE EDGE GUARD watch-
ing version, BUDGETED MAXIMUM LENGTH VERTEX GUARD, BUDGETED MAX-
IMUM LENGTH EDGE GUARD, BUDGETED MAXIMUM VALUE VERTEX GUARD
WITH PAINTING PLACEMENT xat BUDGETED MAXIMUM VALUE EDGE GUARD
WITH PAINTING PLACEMENT o€ noAUywva ue i ywplic tpines elvar APX-complete.
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Kepdhiowo 11

T'oagobewpntind npoBAjuata

11.1  Awpéplom Tou ToAUY®OVOL ot k %xAixeg

e autd o xepdroro Ha e€etdoovue éva mpoBAnua o ToAbYwva Ywpelg Tevnes. To
TeoBAnua autéd bnwe Oo Sodue umopovue va To Slatundoouue ot ypaphuata. Oa
epapudoovue 1N Yébodo twv mponyoluevwy xeparaiwy.

BEotw éva moAdywvo P ywplc tpineg, ue Pdpn otic x0pupéc Tou oL évag axé-
patog k > 0. Zntdue k xvptd vnonohbywva C; tou P (mbavde emuxaluntéueva)
ue V(C;) C V(P) étoL Hote 10 BApog TwV X0pupdy TV UTOTOAUYOVWY v elvor
uéyLoTo.

Auté To mpdPAnua, extds and Oewpentind evdagépoy, €xel EQaupuoOYES OE AoVp-
portor dixtua emLxoLvwviag:

Eotw évag apiude and nérewg pali ue toug mAnfuouoic toug. Autéc ot téheLg
umopoty vo povtehomoinfolyv cav xopupéc ue Bden evég anhol moluydvou ywels
TeUneg. Zntdue vo oyedldoouue To TOAY k aclpuata Sixtua, étol dote vo unogel va
emolvwvel évag uéylotog aptbuds avlpdrwy xat dAeg oL téAeLg tov Beloxovtat ato
310 dixtuo va umopovy va emtxolvwvoly ar’ eubetlog xa dyt uéow xdmotou atalbuov.

Avti vy xvptd utoToAd YWV elvan toodUvauo va Pdyvouue yia xhixec oto Ypdpo
0pATHTNTAS TOU TOAUYDVOUL.

Eva xupté unomoddywvo C evég moAuydvou P €yel ypdpo opatdTnTac Tou
elvar umoypdgnua tou ypdgou opatdtnTag Tou P.MdAiota autd To unoYpPAPNUX
elvan »hixa.

Méow tou Ypdgou opatdtntag Aowndy, unopolue va tepdoovue and tpoijuata
umoAoyloTixhg YewUeTplag oe mpofAfuata ypapnudtwy. Mropolue enlong va avti-
uetwnioovue Stdpopa TpolAfuaTa YeapNUdTwY uE TOAVYwVR. AuvcTtuy®s To ubvo
mou &€pouye Yo To TROBANUA TNG avayvdplong evog Ypdpou opatdtnTag, lvar OTL
Beloxetatr oo PSPACE [19]. Anhadf dev elvar yvwotéc évag ypryopog akybetbuog
mou va anoacilet av évag dedouévog ypdpog elvar Ypdpog opatdtntag yia xdmolo
ToAdywvo A OxL.

JUVETADE YL VO UTOPEGOUUE VA OVTUETWTLOOVUE €va TEOBANUR YRAPNUATWY
yenowsonotdvtag mohdywve Oa mpénel va Eépouue 6TL To Ypdenua elvor ypdgpog
0paTHTNTAG XATOLoU ToAuYGVoL. Xuvifwg uog divouv to avtiotolyo ToAlywvo.
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[Mo napddetypa to TpéPAnue tng ebpeong uLag LEYLOTNG XAlxag ot éva ypdpo ei-
vow NP-hard, evé dev npooeyyiletat olte xav ye Aoyoaptbuixd napdyovta. Av duwg
0 Ypdpog elvar Ypdpog opatdTNTG, TOTE TO TEOPANUA avixel oto P. Ankadt uno-
povue va Peodue éva UEYLOTO xUPTO UTOTOAUYWVO TOL aEY X0y XUETOU TOAUYHVOU
OE TOAUWVLULXG YPOVO.

[Mapduota mpofAfjuata e autd mou ueletolue €86 elval:

To npbBAnua Tou xataxepuaTiorod Tou ToAUY®BYOU ot éva eEAdytaTo aptiud and
%xVPTd TOAVYWVa Tou PBeloxovtatl uéoa 6to Tohdywvo. Edv Béhovue ta xuptd moAs-
YWV VoL uny emtxakintovtat, téte 1o TpéBAnua tou ovoudletat MINIMUM CONVEX
DECOMPOSITION unoget va AuBet oe tohuwvuuixd xpdvo ([6, 7]). Edv ta xuptd no-
Aoyova emitpénetal va emxaAvtovtat, téte To mEdBAnua ovoudleton MINIMUM
CoNVEX COVER xat elvar APX-hard, v elvatr yvwotdg uévo hoyapibuxrc npo-
oéyyiong ahydpBuog ([15]).

To mpéBinua MAXxiIMUM WEIGHT IN k CLIQUES eivar NP-hard, xafd¢ to
avtiotolyo mpoBAnua arndpaong eivar NP-hard.

Ipétaon 11.1 To rnpdfAnua MAXIMUM WEIGHT IN k CLIQUES elvat NP-hard.

Anédely. Oa avdyouvue to mpéBinua andépaong MINIMUM CLIQUE PARTITION
ON VISIBILITY GRAPH 670 npéfBAnua andépaong MAXIMUM WEIGHT IN k& CLIQUES.
Eotw howndv dtu pag divetal évag ypdpog opatdtntag xat évag axépotog k xat yog
pWTOUY av unopel 0 Ypdpog va ywpeLotel o To TOAD Kk xhixeg. Autd elvon éva oTLy-
utétumo tou TpofAfuatog anépacng MINIMUM CLIQUE PARTITION ON VISIBILITY
GRAPH.

[Tatpvoupe tov (BLo ypdpo xat Balouvyue Bdpog 1 ot xdbe touv xopupn. Pwtdue: ue
10 oAU k xAixeg unopodue va xahbouue Bdpog > n; (6mou n o aptbude twv xopu-
pAVY). Auté eivan éva otypLdtuno tou tpofhjuatog anépaonc MAXIMUM WEIGHT
IN k£ CLIQUES.

Av 7 ardvtnon tou npofAfuatog andépaong MAXIMUM WEIGHT IN k CLIQUES
elvar ‘NAT, t6te onuaivel 6Tt o ypdpog unopel va ywperotel oe k xAixeg, dnhadh 7
andvtnon tou npoPfAfuatog andégacne MINIMUM CLIQUE PARTITION ON VISIBIL-
ITY GRAPH eivon ‘NAT.

Av